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A CONJECTURE ON THE ZETA FUNCTIONS OF
PAIRS OF TERNARY QUADRATIC FORMS
J. NAKAGAWA
1. Introduction
For any ternary quadratic form
x(v) = x11v
2
1 + x12v1v2 + x13x1v3 + x22v
2
2 + x23v2v3 + x33v
2
3
in three variables v = (v1, v2, v3), we set
P (x) = 4x11x22x33 + x12x13x23 − x11x223 − x22x213 − x33x212.
The action of g1 ∈ GL(3) on x is defined by (g1x)(v) = x(vg1). Then
we have P (g1x) = (det g1)
2P (x). We denote by V the vector space of
pairs of ternary quadratic forms and put G = SL(3) × GL(2). Then
the action of g = (g1, g2) ∈ G on x = (x1, x2) ∈ V is defined by
gx = (p(g1x1) + q(g1x2), r(g1x1) + s(g1x2)),
where g2 =
(
p q
r s
)
. For any pair x = (x1, x2) ∈ V , we define a
binary cubic form Fx(u) in two variables u = (u1, u2) by
Fx(u) = P (u1x1 − u2x2).
Further we denote by Disc(x) the discriminant Disc(Fx) of the binary
cubic form Fx(u). The action of g2 ∈ GL(2) on a binary cubic form
F (u) is defined by (g2F )(u) = (det g2)
−1F (ug2). Then we have
Disc(gx) = (det g1)
8(det g2)
6Disc(x).
It is known that (G, V ) is a regular prehomogeneous vector space and
Disc(x) is its fundamental relative invariant. We set
V ss = {x ∈ V | Disc(x) 6= 0}.
Wright and Yukie proved in [20] that for any field k, there exists one
to one correspondence between the set of rational orbits Gk\V ssk and
the set of isomorphism classes of e´tale quartic algebras over k. In this
paper, we restrict ourselves to the case of k = Q. We denote by VZ the
set of pairs of integral ternary quadratic forms. We study the orbits
Γx of x ∈ V ssZ = V ss ∩ VZ, where we set Γ = Γ1 × Γ2, Γ1 = SL3(Z),
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Γ2 = GL2(Z). For any x = (x1, x2) ∈ V ssZ , the set of zeros of x is
defined by
Zero(x) = {ξ = (ξ1 : ξ2 : ξ3) ∈ P2Q¯ | x1(ξ) = x2(ξ) = 0}.
Then Zero(x) is a finite set consisting of four points. Let y = (y1, y2)
be a pair of symmetric matrices of degree three with coefficients in
Z. Then we obtain a pair of ternary quadratic forms (y1(v), y2(v)) by
setting yi(v) = vyi
tv. We denote by VˆZ the subset of VZ consisting
of pairs of ternary quadratic forms which are obtained from pairs of
symmetric matrices of degree three with coefficients in Z. We put
Vˆ ssZ = V
ss ∩ VˆZ. By a ring of rank n we mean a commutative ring with
unit that is free of rank n as a Z-module. M. Bhargava proved in [2]
that quartic rings are parametrized by the set Γ\V ssZ . He also proved in
[1] that the 2-torsion subgroups of the ideal class groups of cubic rings
are parametrized by the set Γ\Vˆ ssZ . Further he obtained the density
theorems of discriminants of quartic rings and fields in [3].
We overview the historical background of these subjects. There is a
discriminant preserving bijection between the set of GL2(Z)-equivalence
classes of integral binary cubic forms and the set of isomorphism classes
of cubic rings. This correspondence is called Delone-Faddeev corre-
spondence, which were already essentially contained in the work of Levi
[11]. H. Davenport obtained in [5] asymptotic formulae for the sums of
the class numbers of binary cubic forms of positive and negative dis-
criminants. Using this result, Davenport and Heilbronn obtained in [6]
the density theorems of the discriminants of cubic fields of positive and
negative discriminants. T. Shintani made a remarkable contribution
to the study of class numbers of binary cubic forms by applying the
theory of prehomogeneous vector spaces which was founded by M. Sato
in 1960’s (cf. [17], [18]). Shintani defined in [18] the zeta functions as-
sociated with the prehomogeneous vector space of binary cubic forms.
He introduced four Dirichlet series whose coefficients are class numbers
of integral binary cubic forms. Using the theory of prehomogeneous
vector spaces, he proved that the four Dirichlet series are analytically
continued to meromorphic functions on the whole complex plane and
satisfy certain functional equations. Y. Ohno calculated the first two
hundred coefficients of all of the four series and presented in [14] a
conjecture which states that the two of the four Dirichlet series are
essentially the same as the remaining two series up to some elementary
factors. The conjecture was proved by the author in [13].
Taking account of the results in [14] and [13], it is an interesting
problem to find relations between the number of Γ-orbits of x ∈ V ssZ
with Disc(x) = n and that of y ∈ Vˆ ssZ with Disc(y) = cn for any given
integer n 6= 0, where c ∈ Z is some constant, possibly a power of 2.
There are three real orbits of V ssR corresponding to the number of
points in Zero(x)∩ P2R. We denote by V1, V2 and V3, the set of x ∈ V ssR
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such that |Zero(x)∩P2R| equals 4, 2 and 0, respectively. For any x ∈ V ss,
we denote by Γx the isotropy group of x in Γ. Then Γx is a finite group.
We put
µ(x) = 1/|Γx|, L = VZ, Lˆ = VˆZ.
For any integral binary cubic form F (u), we denote by R(F ) the
cubic ring associated with F (u) by Delone-Faddeev correspondence.
For any x ∈ L, Fx(u) is an integral binary cubic form and for any
y ∈ Lˆ, Fˆy(u) = (1/4)Fy(u) is an integral binary cubic form. Hence
Disc(y) = 28Disc(Fˆy). So we put Disc
∗(y) = Disc(Fˆy) = 2
−8Disc(y).
For i = 1, 2, 3 and n ∈ Z, n 6= 0, we set
ai(n) =
∑
x∈Γ\(L∩Vi)
Disc(x)=n
µ(x), aˆi(n) =
∑
y∈Γ\(Lˆ∩Vi)
Disc∗(y)=n
µ(y).
Then the zeta functions of the prehomogeneous vector space (G, V ) for
the lattices L and Lˆ are defined by
ξi(L, s) =
∑
x∈Γ\(L∩Vi)
µ(x)|Disc(x)|−s =
∞∑
n=1
ai((−1)i−1n)
ns
,
ξi(Lˆ, s) =
∑
y∈Γ\(Lˆ∩Vi)
µ(y)|Disc∗(y)|−s =
∞∑
n=1
aˆi((−1)i−1n)
ns
for i = 1, 2, 3.
For any cubic ring O, we put
L(O) = {x ∈ L |R(Fx) ∼= O}, Lˆ(O) = {y ∈ Lˆ |R(Fˆy) ∼= O}.
Further we put Li(O) = L(O)∩Vi and Lˆi(O) = Lˆ(O)∩Vi for i = 1, 2, 3.
For any number field k, we denote by Ok the maximal order of k. In
this paper, we shall prove the following relations.
Theorem 1. Let k be a cubic field and O be an order of k such that
the index (Ok : O) is square free. If Disc(k) > 0, then we have∑
y∈Γ\Lˆ1(O)
µ(y) =
∑
x∈Γ\L1(O)
µ(x) +
∑
x∈Γ\L3(O)
µ(x),
∑
y∈Γ\Lˆ3(O)
µ(y) = 3
∑
x∈Γ\L1(O)
µ(x)−
∑
x∈Γ\L3(O)
µ(x).
If Disc(k) < 0, then we have∑
y∈Γ\Lˆ2(O)
µ(y) = 2
∑
x∈Γ\L2(O)
µ(x).
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Theorem 2. If n is a discriminant of a quadratic field, then we have
aˆ1(n) = a1(n) + a3(n) (n > 0),
aˆ2(n) = 2a2(n) (n < 0),
aˆ3(n) = 3a1(n)− a3(n) (n > 0).
H. Cohen and F. Thorne studied in [4] the problem of enumerating
quartic fields with fixed cubic resolvent field. We prove the theorems
by enumerating quartic rings with fixed cubic resolvent ring. Based on
the theorems above and numerical examples, we present the following
conjecture:
Conjecture 1.
ξ1(Lˆ, s) = ξ1(L, s) + ξ3(L, s),
ξ2(Lˆ, s) = 2ξ2(L, s),
ξ3(Lˆ, s) = 3ξ1(L, s)− ξ3(L, s).
or equivalently,
3ξ1(Lˆ, s) + ξ3(Lˆ, s) = 2 (3ξ1(L, s) + ξ3(L, s)) ,
ξ2(Lˆ, s) = 2ξ2(L, s),
ξ1(Lˆ, s)− ξ3(Lˆ, s) = −2 (ξ1(L, s)− ξ3(L, s)) .
The convergence of the zeta functions was proved by Yukie [19] in
this case and by H. Saito [16] for general cases. By Sato-Shintani [17,
Theorem 2], we have the following functional equation: ξ1(L, 1− s)ξ2(L, 1− s)
ξ3(L, 1− s)

= Γ(s)4Γ
(
s− 1
6
)2
Γ
(
s+
1
6
)2
Γ
(
s− 1
4
)2
Γ
(
s+
1
4
)2
× 28s36sπ−12s
 u∗11(s) u∗21(s) u∗31(s)u∗12(s) u∗22(s) u∗32(s)
u∗13(s) u
∗
23(s) u
∗
33(s)
 ξ1(Lˆ, s)ξ2(Lˆ, s)
ξ3(Lˆ, s)
 ,
where u∗ji(s)’s are polynomials of q = exp(π
√−1s) and q−1 of degree
at most 6. However, as far as we know, the explicit determination of
the matrix (u∗ji(s)) is not done yet. If we know the matrix explicitly
and the conjecture is true, then the functional equation above would
be a simple form.
The conjecture was formulated by discussions with Professor Y.
Ohno. The author would like to express grateful thanks to Profes-
sors F. Thorne and T. Taniguchi for their helpful comments and warm
encouragement.
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The organization of this paper is as follows: We study the conductors
of cubic rings in Section 2. We summarize some basic facts on ideal
class groups of cubic rings in Section 3. In Section 4 we prove formulae
for the left hand side of the equations in Theorem 1 by using Bhargava’s
parametrization of two-torsion subgroups of ideal class groups of cubic
rings. We summarize some basic facts on Bhargava’s parametrization
of quartic rings in Section 5. We prove formulae for the right hand side
of the equations in Theorem 1 in Section 6 when k is a non-Galois cubic
field, in Section 7 when k is a Galois cubic field. Finally, in Section 8
we prove Theorem 2.
2. Cubic rings
For a ring R of rank n, the discriminant Disc(R) of R is defined as
the determinant det(Tr(αiαj)) ∈ Z, where {αi} is any Z-basis of R.
We call R nondegenerate if Disc(R) 6= 0.
If T is a ring of rank n, then it has a subring Tm = Z + mT for
any positive integer m. Conversely, any non-degenerate ring R can be
written as R = Tm for a unique maximal m which we call the content,
and for a unique ring T , which is then called primitive. The content of
primitive ring is 1. We denote by ct(R) the content of R.
If R is a nondegenerate ring of rank n, then k = R ⊗Z Q is an
e´tale algebra of degree n over Q, i. e. k = k1 ⊕ · · · ⊕ ks, ki’s are
number fields and dimQ k = n. We call k a cubic algebra or a quartic
algebra if n = 3 or 4. We denote by Ok the maximal order of k. Then
Ok = Ok1 ⊕ · · · ⊕ Oks. We write Disc(k) = Disc(Ok). Any Ok-module
a of k can be written as a = a1⊕· · ·⊕as, where ai is an Oki-module of
ki. Hence a is an invertible Ok ideal if and only if each ai is a nonzero
fractional ideal of ki. We define the norm of a by N(a) =
∏s
i=1N(ai).
In particular, a ⊂ Ok is an Ok ideal and the index (Ok : a) is finite,
then a is an invertible Ok ideal and N(a) = (Ok : a). We consider only
invertible Ok-ideals. If a and b are invertible Ok-ideals with a ⊂ b, then
a = bc for some integral invertible Ok-ideal c. For an integral invertible
Ok-ideal a and a prime number p, we denote by ai,p the p-part of ai
and put ap = a1,p ⊕ · · · ⊕ as,p. We call ap the p-part of a. It is easy to
see that ap = a+ p
aOk for a sufficiently large positive integer a.
Let O ⊂ Ok be an order. Since the index f = (Ok : O) is finite, fOk
is an Ok-ideal contained in O. The largest Ok-ideal f contained in O is
called the conductor of O. Since fOk ⊂ f, f is an invertible Ok-ideal.
Lemma 2.1. Let O′ ⊂ O ⊂ Ok be orders and denote by f′ and f the
conductors of O′ and O, respectively. Then f′ ⊂ f. If p is a prime
number such that p|N(f) and p ∤ (O : O′), then f′p = fp.
Proof. The first statement is clear from the definition of conductor.
Hence we have f′p ⊂ fp. We put m = (O : O′). It follows from f ⊂ O
and mO ⊂ O′ that mf ⊂ mO ⊂ O′, hence mf ⊂ f′. Take a sufficiently
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large positive integer a so that f′p = f
′ + paOk and fp = f+ paOk. Since
p ∤ m, we have mb + pac = 1 for some b, c ∈ Z, hence f ⊂ mf + paOk.
Thus we have fp = f+p
aOk ⊂ mf+paOk ⊂ f′+paOk = f′p. This proves
f′p = fp. 
Lemma 2.2. Let O′ ⊂ O ⊂ Ok be orders and p a prime number such
that p ∤ (Ok : O). Let g be the largest O-ideal contained in O′ and
assume that (O : g) is a power of p. Then gOk is the p-part of the
conductor f′ of O′. Further we have gOk ∩O = g and O/g ∼= Ok/gOk.
Proof. We put (Ok : O) = m, (O : g) = pr. Since mOk ⊂ O,
we have mgOk ⊂ gO = g ⊂ O′. Since f′ is the conductor of O′,
mgOk ⊂ f′. Take a sufficiently large positive integer a ≥ r so that
f′p = f
′ + paOk. Since p ∤ m, we have mb + pac = 1 for some b, c ∈ Z,
hence gOk ⊂ mgOk + paOk ⊂ f′ + paOk = f′p. On the other hand,
prO ⊂ g, hence prOk ⊂ gOk. By the inclusion f′ ⊂ O′ and the fact
that f′ is an O-ideal, we have f′ ⊂ g ⊂ gOk. Hence
f′p = f
′ + paOk ⊂ gOk + paOk ⊂ gOk + prOk = gOk.
So we have proved f′p = gOk. In particular, (Ok : gOk) is a power of
p. Since p ∤ m, Ok = gOk +mOk ⊂ gOk + O ⊂ Ok. So the natural
homomorphism O → Ok/gOk is surjective and has kernel gOk ∩ O.
Hence O/(gOk ∩O) ∼= Ok/gOk. It remains to show gOk ∩O = g. The
inclusion g ⊂ gOk ∩ O is obvious. Take any element α ∈ gOk ∩ O.
Then mα ∈ mgOk ⊂ g and paα ∈ prO ⊂ g. Hence mb + pac = 1
implies α ∈ g, so gOk ∩ O ⊂ g. This proves gOk ∩O = g. 
Delone and Faddeev showed in [7] that there exists a bijection be-
tween the set of isomorphism classes of cubic rings and the set of
GL2(Z)-equivalence classes of integral binary cubic forms, as follows.
Given a binary cubic form F (u) = au31 + bu
2
1u2 + cu1u
2
2 + du
3
2 with
a, b, c, d ∈ Z, we associates to F the ring R(F ) having Z-basis {1, ω, θ}
and multiplication table
ω2 = −ac + bω − aθ,
θ2 = −bd + dω − cθ,
ωθ = −ad.
(2.1)
The discriminant of the binary cubic form F is given by
Disc(F ) = 18abcd+ b2c2 − 4ac3 − 4b3d− 27a2d2.
Then we have Disc(R(F )) = Disc(F ), so the correspondence above is
discriminant preserving. The ring R(F ) is primitive if and only if the
binary cubic form F is primitive, i.e. gcd(a, b, c, d) = 1.
Proposition 2.3. Let F , F ′ be integral binary cubic forms such that
R(F ′) ⊂ R(F ). Then there exists a matrix δ ∈ M2(Z) such that
| det δ| = (R(F ) : R(F ′)) and F ′ = δ · F .
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Proof. We put m = (R(F ) : R(F ′)) and denote by a′, b′, c′, d′ the
coefficients of F ′. We denote by {1, ω, θ} and {1, ξ, η} the Z-basis of
R(F ) and that of R(F ′), respectively. So the ring structure of R(F ) is
given by (2.1) and that of R(F ′) is similarly. In particular, ωθ = −ad,
ξη = −a′d′. Since R(F ′) ⊂ R(F ), there exists a matrix δ ∈ M2(Z)
such that | det δ| = m and t(ξ, η) ≡ δ t(ω, θ) (mod Z). By a theorem
of elementary divisors, there exist positive integers f1, f2 and matrices
γ1, γ2 ∈ GL2(Z) such that f1|f2 and δ = γ1
(
f1 0
0 f2
)
γ2. We put
t(ω′, θ′) = γ2
t(ω, θ), t(ξ′, η′) = γ−11
t(ξ, η). Then ξ′ ≡ f1ω′ (mod Z),
η′ ≡ f2θ′ (mod Z). Translating the appropriate integral vector to
t(ω′, θ′), we obtain a Z-basis {1, ω′′, θ′′} of R(F ) such that ω′′θ′′ ∈ Z.
We put ξ′′ = f1ω
′′, η′′ = f2θ
′′, then {1, ξ′′, η′′} is a Z-basis of R(F ′).
The ring structure of R(F ) is now given by
(ω′′)2 = −a˜c˜+ b˜ω′′ − a˜θ′′, (θ′′)2 = −b˜d˜+ d˜ω′′ − c˜θ′′, ω′′θ′′ = −a˜d˜,
where a˜, b˜, c˜, d˜ are the coefficients of γ2 · F . This implies that the ring
structure of R(F ′) is given by
(ξ′′)2 = −f 21 a˜c˜+ f1b˜ξ′′ − (f 21 /f2)a˜η′′,
(η′′)2 = −f 22 b˜d˜+ (f 22 /f1)d˜ξ′′ − f2c˜η′′
ξ′′η′′ = −f1f2a˜d˜.
This proves (γ−11 ·F ′)(u) = (f1f2)−1(γ2F )(f1u1, f2u2) and F ′ = δ·F . 
Let k be an e´tale cubic algebra and O be a cubic rings contained
in Ok. We assume that the index f = (Ok : O) is square free. By a
theorem of elementary divisors, there exists a basis {1, ω, θ} of Ok such
that {1, fω, θ} is a basis of O. Translating ω, θ by the appropriate
elements of Z, we may assume that ωθ ∈ Z. We call such basis nor-
malized. We take binary cubic form Fk(u) = au
3
1+ bu
2
1u2+ cu1u
2
2+ du
3
2
with a, b, c, d ∈ Z such that the multiplication of Ok is given by (2.1).
Put ξ = fω, η = θ. Then the multiplication of O is given by
ξ2 = −acf 2 + bfξ − af 2η,
η2 = −bd + (d/f)ξ − cη,
ξη = −adf.
Since O is a cubic ring with Z-basis {1, ξ, η}, we have f |d. The binary
cubic form
F (u) = f−1Fk(fu1, u2) = af
2u31 + bfu
2
1u2 + cu1u
2
2 + f
−1du32
corresponds to the cubic ring O. Let f be the Z-submodule of O with
basis {f, ξ, η} and write f = [f, ξ, η]. We have
ωf = [fω, fω2, ωθ] = [ξ,−acf + bξ − afη,−af(d/f)] ⊂ f,
θf = [fθ, fωθ, θ2] = [fη,−adf,−b(d/f)f + (d/f)ξ − cη] ⊂ f.
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Hence f is an Ok-ideal contained in O. We put f′ = [f, ω, θ + c]. Then
we have
ωf′ = [fω, bω − a(θ + c),−a(d/f)f + cω] ⊂ f′,
θf′ = [fθ,−a(d/f)f,−b(d/f)f + dω] ⊂ fOk ⊂ f′.
Hence f′ is an Ok-ideal. Further we have ff′ ⊂ fOk. Since both of ff′
and fOk have ideal norm f 3, we have ff′ = fOk. Let c be an Ok-ideal
contained in O with c ⊃ f. We take any α ∈ c and write α = x+yξ+zη
with x, y, z ∈ Z. Then x = α−yξ−zη ∈ c∩Z. Since fZ = f∩Z ⊂ c∩Z,
we have c∩Z = f ′Z with f ′|f . Then f ′ ∈ c implies f ′ω ∈ c ⊂ O, hence
f |f ′, f ′ = f . Thus x ∈ fZ and α ∈ f. So c ⊂ f, c = f. Hence we have
proved the following proposition.
Proposition 2.4. Let k be an e´tale cubic algebra and let O be a cubic
ring contained in k. Assume that the index f = (Ok : O) is square
free. Then there exists a normalized basis {1, ω, θ} of Ok such that
O = [1, fω, θ] and f = [f, fω, θ] is the conductor of O. In particular,
we have O = Z+ f and N(f) = f 2.
Proposition 2.5. Let the notations and the assumptions be as in
Proposition 2.4. Then we can chose ω and θ so that ω, θ ∈ k×.
Proof. Let Fk(u) and F (u) be as before. If k is a cubic field, then
Fk(u) is irreducible, hence ad 6= 0. Next we assume that k = Q ⊕ k1
or k = Q3, where k1 is a quadratic field. If a 6= 0 and d = 0, we
take an integer m 6= 0 such that af 2m2 + bfm + c 6= 0. We put
F ′k(u) = Fk(u1 + fmu2, u2) and F
′(u) = F (u1 + mu2, u2). Then we
have
F ′(u) = af 2u31 + (3afm+ b)fu
2
1u2 + (3af
2m2 + 2bfm+ c)u1u
2
2
+m(af 2m2 + bfm+ c)u32.
Hence the coefficients of u31 and u
3
2 in F
′ are not zero. If a = 0 and
d 6= 0, we take an integer m 6= 0 such that b + cm + dm2 6= 0. We
put F ′k(u) = Fk(u1, mu1 + u2) and F
′(u) = F (u1, mfu1 + u2). Then
the coefficients of u31 and u
3
2 in F
′ are not zero. Finally, if a = d = 0,
then k = Q3. Since Disc(Fk) = Disc(Z
3) = 1, we have b2c2 = 1. Hence
Fk(u) = ±u1u2(u1 ± u2). We put α =
(
1 + 4f 2
2f 1
)
, β = tα and put
F ′k(u) = Fk(uα), F
′(u) = F (uβ). Then we have
F ′(1, 0) = F (1 + 4f, 2f) = ±2f(1 + 4f)(1 + 4f ± 2f) 6= 0,
F ′(0, 1) = F (2, 1) = ±2(2± 1) 6= 0.
Thus the coefficients of u31 and u
3
2 in F
′ are nonzero. By the argument
above, we may always assume that ad 6= 0 and a > 0. 
Let k be a number field of degree n over Q. We say that a prime
number p is of type f e11 · · · f egg in k if the prime ideal decomposition of
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pOk is of the form pe11 · · · pegg with N(pi) = pfi . Let k = k1⊕· · ·⊕kr be
an e´tale algebra of degree n over Q, where ki’s are number fields. We
say that p is of type f e1111 · · · f ergrrgr if p is of type f ei1i1 · · · f eigiigi for each i.
Lemma 2.6. Let k be an e´tale cubic algebra and p be a prime number.
There exist orders R of k such that (Ok : R) = p if and only if p is
not of type 3 in k. If this is the case, for each ideal f of Ok such that
pOk ⊂ f and N(f) = p2, there exists exactly one order R with index p
in Ok whose conductor is f, namely R = Z+ f.
Proof. If there exists an order R of k such that (Ok : R) = p, then
the conductor f of R has norm p2 and R is uniquely determined by
the conductor f by Proposition 2.4. Hence p is not of type 3 in k.
Conversely, if p is not of type 3 in k, then there exists an ideal f such
that pOk ⊂ f and N(f) = p2. We put R = Z + f. Then it is clear that
R is an order of k. Since pZ ⊂ Z ∩ f ( Z, we have Z ∩ f = pZ, hence
R/f ∼= Z/pZ. So the index (Ok : R) = (Ok : f)/(R : f) = p2/p = p. 
Proposition 2.7. Let k be an e´tale cubic algebra and f be a square
free positive integer such that each prime number dividing f is not of
type 3. Then for each ideal f of Ok such that fOk ⊂ f and N(f) = f 2,
there exists exactly one order R with index f in Ok whose conductor is
f, namely R = Z+ f.
Proof. For each prime number p dividing f , we denote by fp the
p-part of f. Then we have pOk ⊂ fp and N(fp) = p2. By Lemma 2.6,
Rp = Z+ fp is the unique order with index p in Ok whose conductor is
fp. For any positive integer g dividing f , we write f = gh, g =
∏
p|g fp
and h =
∏
p|h fp. If S is an order with index g whose conductor is g and
T is an order with index h whose conductor is h, then S+T = Ok and
S/(S ∩ T ) ∼= Ok/T as Z-modules since g and h are relatively prime to
each other. Hence (Ok : S ∩ T ) = (Ok : S)(S : S ∩ T ) = gh = f . So
S ∩ T is an order with index f . Since f = gh ⊂ S ∩ T , the conductor
f′ of S ∩ T contains f. By Proposition 2.4, N(f′) = f 2 = N(f), hence
f′ = f. So the statement of the proposition now follows by induction
on the number of prime divisors of f . 
3. Ideal class groups of cubic rings
In this section, we summarise some basic facts on ideal class groups
of rings of rank n. Let k be an e´tale algebra of degree n over Q and let
O be an order of k. We follow the argument of Sand [15] in which k
is assumed to be a number field. Let f be the conductor of O and put
f = (Ok : O). We denote by IO the group of invertible fractional ideals
of O, PO the subgroup of IO consisting of principal invertible fractional
ideals of O, respectively. The ideal class group of O is ClO = IO/PO.
For the maximal order Ok, we write Ik = IOk , Pk = POk and Clk =
ClOk . ClO and Clk are finite abelian groups. We denote by hO (resp.
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hk) the order of ClO (resp. Clk) and call the class numbers of O (resp.
k). The next lemma is a restatement of Theorem 3.1 and Corollary 3.2
in [15].
Lemma 3.1 (Dedekind). The extension map a 7→ aOk defines a mul-
tiplicative bijection between the monoid of integral O-ideals which are
relatively prime to f and the monoid of integral Ok-ideals which are rel-
atively prime to f. The inverse of the extension map is the contraction
map A 7→ A ∩ O. In particular, for any element γ ∈ O ∩ k× with
γO + f = O, we have (γOk) ∩ O = γO.
The following corollary is a restatement of [15, Corollary 3.3].
Corollary 3.2. If a is an integral ideal of O which is relatively prime
to f and aOk is an invertible Ok-ideal, then a is an invertible O-ideal.
The following lemma is [15, Proposition 2.6].
Lemma 3.3. The mapping of IO to Ik defined by a 7→ aOk is a group
homomorphism. The kernel is the torsion subgroup Tor(IO) of IO and
is a finite group.
The following proposition is a restatement of [15, Proposition 3.6].
Proposition 3.4. If a ∈ Tor(IO), then there exists an element α ∈ Ok
such that a = αO+f and αOk+f = Ok. Conversely, if α ∈ Ok satisfies
αOk + f = Ok, then αO + f ∈ Tor(IO).
Remark 3.5. In Proposition 3.4, α can be replaced by any α′ which
is congruent to α modulo f. So we may assume that α ∈ Ok ∩ k×.
Moreover we may assume that α is totally positive.
The following lemma is [15, Theorem 3.7].
Lemma 3.6. The order of the torsion subgroup Tor(IO) is given by
|Tor(IO)| = ϕk(f)
ϕO(f)
, ϕk(f) = |(Ok/f)×|, ϕO(f) = |(O/f)×|.
We denote by IO(f) the subgroup of IO consisting of all invertible
fractional ideals of O which are relatively prime to f. Hence an element
of IO(f) is of the form ab
−1 where a and b are integral invertible O-
ideals relatively prime to f. Put PO(f) = PO ∩ IO(f).
Lemma 3.7. Any element of PO(f) can be written of the form γO,
γ = α/β, where α, β ∈ O are relatively prime to f.
Proof. Let γO be an element of PO(f). We write γO = ab−1, where
a and b are integral invertible O-ideals relatively prime to f. It is clear
that aOk is an invertible Ok-ideal, so we have (aOk)hk = ξOk for some
ξ ∈ Ok ∩ k× which is relatively prime to f. Then ξm ∈ 1 + f ⊂ O for
some positive integer m. By Lemma 3.1, we have ahkm = ξmO, hence
bahkm−1 = ξmγ−1O is an integral principal invertible O-ideal relatively
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prime to f. Put β = ξmγ−1, α = ξm. Then γ = α/β and α, β ∈ O are
relatively prime to f. 
The following lemma is [15, Lemma 4.2].
Lemma 3.8. Tor(IO) ⊂ IO(f)PO.
The following proposition is [15, Proposition 4.3].
Proposition 3.9. IO(f)/PO(f) ∼= ClO.
We have the following exact sequence.
(3.1) 1 −→ Tor(IO)PO/PO ι−→ ClO ǫ−→ Clk −→ 1,
where ι is induced by the inclusion in Lemma 3.8 and ǫ is induce by ex-
tension of fractional ideals. (3.1) was given in the proof of [15, Theorem
4.4]. The following corollary is [15, Theorem 4.4].
Corollary 3.10. The class number hO is given by
hO = hk
((Ok/f)× : (O/f)×)
(U(Ok) : U(O)) ,
where U(Ok) (resp. U(O)) denotes the group of units in Ok (resp. O).
We denote by PO,+ the subgroup of PO consisting of all principal
invertible fractional ideals of O generated by totally positive elements
in k×. We put ClO,+ = IO/PO,+. Further we put PO,+(f) = PO,+∩IO(f)
and write Clk,+ = ClOk,+.
Lemma 3.11. IO = IO(f)PO,+Tor(IO).
Proof. Let a ∈ IO and put a˜ = aOk. Take an integral invertible Ok-
ideal b˜ which is relatively prime to f and belongs to the same ideal class
of a˜ in Clk,+. Then a˜ = γb˜ for some totally positive element γ in k
×.
Put b = b˜∩O. Then b is relatively prime to f and bOk = b˜ by Lemma
3.1. Hence b is an invertible O-ideal by Corollary 3.2. This proves
b ∈ IO(f). If we put c = γ−1ab−1, then c ∈ IO and cOk = Ok. Hence
c ∈ Tor(IO) by Lemma 3.3. So we have a = bγOc ∈ IO(f)PO,+Tor(IO).
This proves one inclusion, and the reverse is clear. 
Lemma 3.12. Tor(IO) ⊂ IO(f)PO,+.
Proof. Take an element a ∈ Tor(IO). By Proposition 3.4, a = αO+f
and a−1 = βO + f for some α, β ∈ Ok such that αβ ∈ O is relatively
prime to f. By Remark 3.5, we may assume that α is totally positive.
We write a = αO (αβO + αf)−1. It is obvious that αβO + αf is an
integral O-ideal which is relatively prime to f. 
By Lemma 3.11 and 3.12, we have IO = IO(f)PO,+. Hence
(3.2) ClO,+ = IO(f)PO,+/PO,+ ∼= IO(f)/PO,+(f).
We also have the following exact sequence
(3.3) 1 −→ Tor(IO)PO,+/PO,+ −→ ClO,+ −→ Clk,+ −→ 1.
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We denote by U+(Ok) (resp. U+(O)) the group of totally positive units
in Ok (resp. O).
Corollary 3.13.
|ClO,+ | = |Clk,+ | |(Ok/f)
×|/|(O/f)×|
(U+(Ok) : U+(O)) .
We used a homomorphism from ClO to Clk in the proof of Corollary
3.10. We now use a homomorphism from a ray class group of k to ClO.
We denote by Pk,1(f) the subgroup of Pk consisting of all invertible
principal ideals αOk with α ≡ 1 (mod* f). Here α ≡ 1 (mod* f) means
α = β/γ for some β, γ ∈ Ok ∩ k× which are relatively prime to f
and β ≡ γ (mod f). We denote by Pk,+(f) the subgroup of Pk,1(f)
consisting of all invertible principal ideals αOk with totally positive
α ≡ 1 (mod* f). Then the quotient groups Clk(f) = Ik(f)/Pk,1(f) and
Clk,+(f) = Ik(f)/Pk,+(f) are called the ray class group of k modulo f
and that in the narrow sense, respectively.
Let C be an element of Ik(f). We write C = AB
−1 where A and B
are integral invertible Ok ideals relatively prime to f. Then a = A ∩O
and b = B ∩ O are elements of IO(f) by Lemma 3.1 and Corollary
3.2. We correspond C to c = ab−1 ∈ IO(f). It is easy to see that the
correspondence is well defined. For any γOk ∈ Pk,1(f) (resp. γOk ∈
Pk,+(f)), we write γ = α/β where α, β ∈ Ok are relatively prime to f
and α ≡ β (mod f) (resp. α ≡ β (mod f) and α/β is totally positive).
Hence there exists an element β ′ ∈ Ok ∩ k× such that αβ ′ ≡ ββ ′ ≡ 1
(mod f). Then αβ ′, ββ ′ ∈ O are relatively prime to f and αβ ′Ok ∩
O = αβ ′O, ββ ′Ok ∩ O = ββ ′O. By the correspondence above, γOk
corresponds to γO ∈ PO(f) (resp. γO ∈ PO,+(f)). By Proposition
3.9 and (3.2), the correspondence C 7→ c induces a homomorphism
ρ : Clk(f) → ClO (resp. ρ+ : Clk,+(f) → ClO,+). By Lemma 3.1,
Proposition 3.9 and (3.2), ρ and ρ+ are surjective. Let C ∈ Ik(f)
be a representative of an element in ker ρ (resp. ker ρ+). We write
C = AB−1 as before. Put a = A ∩ O, b = B ∩ O. Then a, b ∈ IO(f)
are integral O-ideals such that ab−1 = γO ∈ PO(f) (resp. PO,+(f)).
Since aOk = A and bOk = B, we have A = aOk = γbOk = γB, hence
C = γOk ∈ Pk∩Ik(f) (resp. Pk,+∩Ik(f)). We can write γ = α/β where
α, β ∈ O ∩ k× are relatively prime to f by Lemma 3.7.
Conversely, assume that γ = α/β (resp. γ = α/β is totally positive)
and α, β ∈ O ∩ k× are relatively prime to f. We write γOk = AB−1
where A and B are integral invertible Ok ideals relatively prime to f
and A+B = Ok. Then αB = βA, hence (αB) ∩ O = (βA) ∩ O. Put
a = A ∩ O and b = B ∩ O. By Lemma 3.1, we have (αO)b = (βO)a,
hence ab−1 = (α/β)O = γO. Hence γOk is a representative of an
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element in ker ρ (resp. ker ρ+). We put
P˜O =
{
αβ−1Ok |α, β ∈ O ∩ k×, αO + f = βO + f = O
}
,
P˜O,+ =
{
γOk ∈ P˜O | γ is totally positive
}
.
(3.4)
Then we have the following exact sequences of abelian groups.
1 −→ P˜O/Pk,1(f) −→ Ik(f)/Pk,1(f) ρ−→ ClO −→ 1,
1 −→ P˜O,+/Pk,+(f) −→ Ik(f)/Pk,+(f) ρ+−→ ClO,+ −→ 1.
Thus we have
ClO ∼= Ik(f)/P˜O, ClO,+ ∼= Ik(f)/P˜O,+.
Hence
(3.5) ClO /Cl
2
O
∼= Ik(f)/P˜OIk(f)2, ClO,+ /Cl2O,+ ∼= Ik(f)/P˜O,+Ik(f)2.
4. Pairs of integral symmetric matrices of degree three
We denote by Lˆ the set of pairs of symmetric matrices of degree three
with coefficients in Z. Let (A,B) ∈ Lˆ be a pair of integral symmetric
matrices of degree three. The group Γ1 = SL3(Z) acts on Lˆ by
T · (A,B) = (TA tT, TB tT ), T ∈ SL3(Z).
The group Γ2 = GL2(Z) acts on Lˆ by
g · (A,B) = ((det g)−1(pA− qB), (det g)−1(−rA + sB)),
where g =
(
p q
r s
)
∈ Γ2. Thus the group Γ = Γ1×Γ2 acts on Lˆ. For
any pair (A,B) ∈ Lˆ, we defined in §1 a binary cubic form Fˆ(A,B)(u)
in two variables u = (u1, u2), which equals to det(u1A − u2B). The
discriminant of (A,B) is defined by Disc∗(A,B) = Disc(Fˆ(A,B)). We
say that (A,B) is nondegenerate if Disc∗(A,B) 6= 0. We note that the
set of nondegenerate pairs of Lˆ equals Vˆ ssZ in the introduction.
We consider triples (O, a, δ), where O is a nondegenerate cubic ring,
a is a fractional ideal of O and δ is an invertible element of k = O⊗ZQ
such that a2 ⊂ δO and Nk/Q(δ) = NO(a)2. Here NO(a) is the norm
of a as a fractional O-ideal, i. e. NO(a) = (O : a) for a ⊂ O. Two
such triples (O, a, δ) and (O′, a′, δ′) are called equivalent if there exists
an isomorphism φ : O → O′ and κ ∈ O′ ⊗Z Q such that a′ = κφ(a),
δ′ = κ2φ(δ). M. Bhargava proved the following theorem ([1, Theorem
4]).
Theorem 4.1. There is a canonical bijection between the set of non-
degenerate Γ-orbits on Lˆ and the set of equivalence classes of triples
(O, a, δ). Under this bijection, the discriminant of a pair of integral
matrices of degree three equals the discriminant of the corresponding
cubic ring.
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We now explain the correspondence of Theorem 4.1. Let O be a
nondegenerate cubic ring and take a normalized basis {1, ω, θ} of O.
The multiplication of O is given by (2.1) with a, b, c, d ∈ Z. Let a be a
fractional O-ideal and δ be an invertible element of k = O ⊗Z Q such
that a2 ⊂ δO and Nk/Q(δ) = NO(a)2. We take a Z-basis {α1, α2, α3}
of the ideal a having the same orientation as {1, ω, θ}. Since a2 ⊂ δO,
there exist integers aij , bij and cij such that
(4.1) αiαj = δ(cij + bijω + aijθ).
We put A = (aij), B = (bij). Then we have
Fˆ(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2.
This was shown in the proof of [1, Therem 4].
We denote by Γ(A,B) the isotropy group in Γ of a nondegenerate pair
(A,B) ∈ Lˆ. The following corollary is [1, Corollary 5].
Corollary 4.2. For any nondegenerate pair (A,B) ∈ Lˆ, there exists
a homomorphism Γ(A,B) → Aut(O) with kernel isomorphic to U+2 (O0).
Here (O, a) is the pair corresponding to (A,B) as in Theorem 4.1,
O0 = EndO(a) is the endomorphism ring of a, and U+2 (O0) denotes the
group of units of O0 having order dividing 2 and positive norm.
Remark 4.3. The following example shows that the statement of [1,
Corollary 5] is not correct. So we have given a weaker statement than
the original one.
Example 4.4. Put f(x) = x3 − 14x2 + 11x + 1 ∈ Q[x] and let ω be
a root of f(x). Then the discriminant of the cubic field k = Q(ω) is
1632, hence k is a Galois cubic field. We put θ = −11+14ω−ω2. Then
{1, ω, θ} is a Z-basis of the maximal order Ok such that
ω2 = −11 + 14ω − θ, θ2 = 14− ω − 11θ, ωθ = 1.
We can take a generator σ of the Galois group Gal(k/Q) such that
σ(ω) = 13−ω+θ, σ(θ) = 1−ω. The ideal class group Clk is isomorphic
to (Z/2Z)2. Since f(x) ≡ (x + 1)(x + 2)(x + 3) (mod 5), p = 5 splits
completely in k. Put p = [5, ω+1, θ+1]. Then p is a prime ideal of Ok
and 5Ok = pσ(p)σ2(p). The ideal class group Clk is generated by the
ideal classes of p and σ(p). The ideal p2 is a principal ideal generated
by ω+1 and Nk/Q(ω+1) = 5
2 = N(p)2. If we put α1 = 5, α2 = ω+1,
α3 = θ + 1 and δ = ω + 1, then
α21δ
−1 = 15− ω − θ, α1α2δ−1 = 5, α1α3δ−1 = 5θ,
α22δ
−1 = 1 + ω, α2α3δ
−1 = 1 + θ, α23δ
−1 = 14− ω − 10θ.
We put
A =
 −1 0 50 0 1
5 1 −10
 , B =
 −1 0 00 1 0
0 0 −1
 .
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Then Fˆ(A,B)(u) = u
3
1 + 14u
2
1u2 + 11u1u
2
2 − u32 and the triple (Ok, p, δ)
corresponds to the Γ-orbit of (A,B). We also have
(4.2) (δ−1αiαj) = C + ωB + θA,
where we put C =
 15 5 05 1 1
0 1 14
. Take an element γ ∈ Γ and
assume that γ · (A,B) = (A,B). We write γ = (γ1, γ2), γ1 ∈ Γ1,
γ2 =
(
p q
r s
)
∈ Γ2. Then
(4.3) (γ1A
tγ1, γ1B
tγ1) = (sA+ qB, rA+ pB).
If we put t(β1, β2, β3) = γ1
t(α1, α2, α3), then {β1, β2, β3} is also a Z-basis
of p. It follows from (4.2) and (4.3) that
(δ−1βiβj) = γ1(δ
−1αiαj)
tγ1 = γ1C
tγ1 + ωγ1B
tγ1 + θγ1A
tγ1(4.4)
= γ1C
tγ1 + ω(rA+ pB) + θ(sA + qB).
Since γ2 · Fˆ(A,B) = Fˆ(A,B) and the isotropy group of Fˆ(A,B) in Γ2 is
a cyclic group of order three generated by ξ =
( −1 1
−1 0
)
, we have
γ2 ∈ {12, ξ, ξ2}. Suppose γ2 6= 12. We may assume that γ2 = ξ. Then
we have
(4.5) (δ−1βiβj) = γ1C
tγ1 + ω(−A− B) + θB.
On the other hand, applying σ to the equation (4.2), we have
(σ(δ)−1σ(αi)σ(αj)) = C + σ(ω)B + σ(θ)A(4.6)
= A+ 13B + C + ω(−A− B) + θB.
Since the integral matrix γ1C
tγ1 in (4.5) is determined by the matrices
−A−B and B (cf. the proof of [1, Thererem 4]), γ1C tγ1 = A+13B+C.
By (4.5) and (4.6), we have δ−1βiβj = σ(δ)
−1σ(αi)σ(αj) for all i, j. In
particular, putting i = 1 and κ = δσ(α1)
σ(δ)β1
, we have βj = κσ(αj) for all j.
Hence p = κσ(p). This contradicts the fact that the ideal classes of p
and σ(p) generate Clk which is isomorphic to (Z/2Z)
2. Thus we have
proved that γ2 = 12. By (4.3), we have γ1A
tγ1 = A and γ1B
tγ1 = B.
This implies that γ1AB
−1 = AB−1γ1. Since the matrix AB
−1 has three
distinct eigenvalues which are the conjugates of −θ over Q, we see that
γ1 is expressed as a polynomial of AB
−1 over Q. Hence γ1 = g(AB
−1)
for some g(x) ∈ Q[x] with deg g(x) ≤ 2. Since γ1 is integral over Z, we
have g(x) ∈ Z[x]. Let ρ : k → M3(Q) be the regular representation of
k over Q with respect to the basis {α1, α2, α3}, i. e.
λ t(α1, α2, α3) = ρ(λ)
t(α1, α2, α3), λ ∈ k.
Then we have ρ(−θ) = AB−1, hence γ1 = ρ(ε) for ε = g(−θ) ∈ Ok.
The equation Nk/Q(ε) = det γ1 = 1 implies ε ∈ U(Ok). It follows from
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γ1 = ρ(ε) and
t(βi) = γ1
t(αi) that βi = εαi for i = 1, 2, 3. By (4.4) with
γ2 = 12, we have
(δ−1ε2αiαj) = γ1C
tγ1 + ωB + θA.
Then (4.2) implies δ−1ε2αiαj = δ
−1αiαj for all i, j. Thus ε
2 = 1,
ε = ±1. Since Nk/Q(ε) = 1, we have ε = 1, γ1 = 13. This proves that
the isotropy group Γ(A,B) is trivial.
Remark 4.5. Though the action of Γ on L and on Lˆ are slightly
different, it does not effect the Γ-orbits and the isotropy groups.
For any given nondegenerate cubic ring O, we set k = O ⊗Z Q. We
denote by I (O) the set of pairs (a, δ) such that the triples (O, a, δ) are
as in Theorem 4.1. We denote by E(O) the set of cubic rings O0 such
that O ⊂ O0 ⊂ Ok. Two elements O0,O′0 ∈ E(O) are called equivalent
if there exists an automorphism φ ∈ Aut(Ok) such that φ(O) = O and
φ(O0) = O′0. We write O0 ∼ O′0 in that case. The notation E(O)/ ∼
means a set of representatives of the equivalence classes in E(O). For
any O0 ∈ E(O), we put
I (O,O0) = {(a, δ) ∈ I (O) | EndO(a) ∼ O0} .
Then it is clear that
(4.7) I (O) =
⋃
O0∈E(O)/∼
I (O,O0) (disjoint).
We say that two elements (a, δ) and (a′, δ′) in I (O) are equivalent if
there exists an invertible element κ of k such that a′ = κa and δ′ = κ2δ.
We note that this is stronger than that (O, a, δ) and (O, a′, δ′) are
equivalent. We defined the subset Lˆ(O) of Lˆ in § 1. It is clear that
Lˆ(O) coincides with the set of pairs (A,B) ∈ Lˆ such that the Γ-orbit
of (A,B) corresponds to the equivalence class of a triplet (O, a, δ) for
some (a, δ) ∈ I (O). We denote by Lˆ(O,O0) the set of pairs (A,B) ∈ Lˆ
such that the Γ-orbit of (A,B) corresponds to the equivalence class of
a triplet (O, a, δ) for some (a, δ) ∈ I (O,O0). By (4.7), we have
(4.8) Lˆ(O) =
⋃
O0∈E(O)/∼
Lˆ(O,O0) (disjoint).
We recall that {1, ω, θ} is a normalized basis ofO and the ring structure
of O is given by (2.1). We set
F (u) = au31 + bu
2
1u2 + cu1u
2
2 + du
3
2,
Lˆ(F ) = {(A,B) ∈ Lˆ(O) | Fˆ(A,B) = F},
Lˆ(F,O0) = {(A,B) ∈ Lˆ(O,O0) | Fˆ(A,B) = F.}
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Then we have
Lˆ(O) = {γ · (A,B) | (A,B) ∈ Lˆ(F ), γ ∈ Γ},
Lˆ(O,O0) = {γ · (A,B) | (A,B) ∈ Lˆ(F,O0), γ ∈ Γ}.
Lemma 4.6. For any (A,B) ∈ Lˆ(O,O0), we set
S(A,B) = Γ(A,B) ∩ Lˆ(F,O0).
Then the group Γ1 acts on S(A,B) and the number of Γ1-orbits in
S(A,B) equals |Aut(O)| · |U+2 (O0)|/|Γ(A,B)|.
Proof. We may assume Fˆ(A,B) = F . Let pr2 : Γ(A,B) → Γ2,F be
the projection to the second component, i.e. pr2(γ1, γ2) = γ2. Here we
denote by Γ2,F the isotropy group of F in Γ2. It is clear that Γ1 acts on
S(A,B). We can take a representative of the form (13, γ2) · (A,B) with
γ2 ∈ Γ2,F for any Γ1-orbit in S(A,B). For any two elements γ2, γ′2 ∈
Γ2,F , Γ1(13, γ2) · (A,B) = Γ1(13, γ′2) · (A,B) if and only if (γ1, γ−12 γ′2) ∈
Γ(A,B) for some γ1 ∈ Γ1. This is equivalent to γ−12 γ′2 ∈ pr2(Γ(A,B)).
Hence the number of Γ1-orbits in S(A,B) equals |Γ2,F/ pr2(Γ(A,B))|.
Since Γ2,F is isomorphic to Aut(O), it follows from Corollary 4.2 that
ker(pr2) is isomorphic to U
+
2 (O0). Hence we have
|Γ2,F |
| pr2(Γ(A,B))|
=
|Γ2,F | · | ker pr2 |
|Γ(A,B)| =
|Aut(O)| · |U+2 (O0)|
|Γ(A,B)| .

Using the surjective mapping Γ1\Lˆ(F,O0) → Γ\Lˆ(O,O0), Lemma
4.6 implies that
(4.9)
1
|Aut(O)| |Γ1\Lˆ(F,O0)| = |U
+
2 (O0)|
∑
(A,B)∈Γ\Lˆ(O,O0)
1
|Γ(A,B)| .
We denote by C (O,O0) the set of equivalence classes of I (O,O0).
The mapping (a, δ) 7→ Γ(A,B) induces a mapping of C (O,O0) to
Γ1\Lˆ(F,O0), where Γ(A,B) is the Γ-orbit corresponding to the equiv-
alence class of the triple (O, a, δ). It is easy to see that the mapping
C (O,O0)→ Γ1\Lˆ(F,O0) is bijective. By (4.9), we have
(4.10)
1
|Aut(O)| |C (O,O0)| = |U
+
2 (O0)|
∑
(A,B)∈Γ\Lˆ(O,O0)
1
|Γ(A,B)| .
From now on, we restrict ourselves to the case when the index f =
(Ok : O) is square free. By using some results of Fro¨hlich [8], we
shall give formulae for |C (O,O0)| in terms of |Cl(2)O0 |. The key is to
investigate the ideal δ−1a2 for (a, δ) ∈ I (O,O0).
Let k be an e´tale cubic algebra over Q and let O be an order of k with
square free index f = (Ok : O). As we have seen in §2, we can take
a normalized basis {1, ω, θ} of Ok with ω, θ ∈ k× such that {1, fω, θ}
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is a basis of O and the ring structure of Ok is given by (2.1). We
note that f divides d. Let (O, a, δ) be a triple, where a is a fractional
ideal of O and δ is an invertible element of k such that a2 ⊂ δO and
Nk/Q(δ) = NO(a)
2. We put O0 = EndO(a). Since O ⊂ O0 ⊂ Ok and
Ok/O ∼= Z/fZ, O0 = [1, gω, θ] for some positive divisor g of f . We
write f = gh. By Proposition 2.4, the conductor f of O is given by
f = [f, fω, θ]. Similarly the conductor g of O0 is given by g = [g, gω, θ].
We put j = [h, fω, θ]. Then j ⊂ O and j is an O0-ideal. In fact,
gωj = [ghω, fgω2, gωθ] = [fω, fg(−ac+ bω − aθ),−adg]
⊂ [f, fω, θ] ⊂ [h, fω, θ] = j,
θj = [hθ, fωθ, θ2] = [hθ,−adf,−bd + dω − cθ]
⊂ [f, fω, θ] ⊂ [h, fω, θ] = j.
Since f = gh is square free, g and h are coprime to each other. Hence
j + g = O0. We put h = [h, hω, θ] and h′ = [h, ω, θ + c]. As we have
seen before Proposition 2.4, h and h′ are integral ideals of Ok such that
hh′ = hOk. So h is an invertible Ok-ideal. Further we have jOk = h. By
Corollary 3.2, j is an invertible O0-ideal. By the same argument as just
before Proposition 2.4, we see that j is the largest O0-ideal contained
in O. So we write j = j(O,O0).
We denote by Ô0 the dual lattice of O0 with respect to the trace
pairing. So we have Ô0 = {λ ∈ k | Tr(λO0) ⊂ Z}. We put ξ = −ω/a
and ∆ = 3aξ2 + 2bξ + c ∈ k. Since Nk/Q(∆) = −a−1Disc(Ok) 6= 0,
∆ is an invertible element of k. The Lagrange’s interpolation formula
implies that the dual basis of {1, ξ, ξ2} with respect to the trace pairing
is {
∆−1(aξ2 + bξ + c),∆−1(aξ + b),∆−1a
}
,
which equals to {−∆−1θ,∆−1(b − ω),∆−1a} by (2.1). Since O0 =
[1, g(ω−b), θ], we see that Ô0 = ∆−1[1, g−1ξ, aξ2]. It is easy to see that
[ag2, g(ω − b), θ] is an integral O0-ideal. Moreover we have
Ô0∆[ag2, g(ω − b), θ] = [1, g−1ξ, aξ2][ag2, g(ω − b), θ]
= [ag2, bg, c, g−1d, gω, θ].
Since the index (Ok : O0) = g is square free, the binary cubic form
ag2u31 + bgu
2
1u2 + cu1u
3
2 + (d/g)u
3
2 corresponding to O0 is primitive.
Hence we have Ô0∆[ag2, g(ω − b), θ] = [1, gω, θ] = O0. This proves
that Ô0 is an invertible O0-ideal and Ô−10 = ∆[ag2, g(ω − b), θ].
We now show that Ô0 ∩ (f/ξ)Ô0 = ∆−1j. We have
Ô0 ∩ (f/ξ)Ô0 = ∆−1[1, g−1ξ, aξ2] ∩∆−1[(f/ξ), f/g, afξ]
= ∆−1
(
[1, g−1ξ, aξ2] ∩ [h, afξ, (f/d)(aξ2 + bξ + c)]) .
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If x + yg−1ξ + zaξ2 = x′h+ y′afξ + z′(f/d)(aξ2 + bξ + c), x, y, z ∈ Z,
x′, y′, z′ ∈ Z, then z′ = (d/f)z, y = afgy′+ bgz and x = hx′+ cz. This
proves that Ô0 ∩ (f/ξ)Ô0 = ∆−1[h, fω, θ] = ∆−1j.
We put ω0 = 1, ω1 = fω, ω2 = θ. We take a basis {α1, α2, α3} of a
having the same orientation as {ω0, ω1, ω2}. Thus there exists a matrix
T ∈ GL3(Q) with det T > 0 such that t(α1, α2, α3) = T t(ω0, ω1, ω2).
Since a2 ⊂ δO, there exist integers aij , bij and cij such that
αiαj = δ(cij + bijfω + aijθ).
In Theorem 4.1, the corresponding pair (A,B) is given by A = (aij)
and B = (bij). We put
(4.11) A0 =
 0 0 10 −af 2 0
1 0 −c
 , B0 =
 0 1 01 bf 0
0 0 d/f
 .
Then we have
(A,B) = (Tρ(δ−1)A0
tT, Tρ(δ−1)B0
tT ),
where ρ : k → M3(Q) is the regular representation of k with respect to
the basis {ω0, ω1, ω2}. Since the dual basis of {1, ξ, ξ2} with respect to
the trace pairing is {−∆−1θ,∆−1(b− ω),∆−1a}, we have(
Tr(ωiωj∆
−1)
)
0≤i,j≤2
= −A0,
(
Tr(ωiωj∆
−1(ξ/f))
)
0≤i,j≤2
= −B0.
We also have
(∆−1δ−1αiαj) = Tρ(δ
−1)
(
ωiωj∆
−1
)
tT.
Hence (
Tr(∆−1δ−1αiαj)
)
= −Tρ(δ−1)A0tT = −A.
We have similarly(
Tr(∆−1δ−1αiαj(ξ/f))
)
= −Tρ(δ−1)B0tT = −B.
Since δ−1a2 is generated by {δ−1αiαj} over Z, we have Tr(α∆−1) ∈ Z
and Tr(α∆−1(ξ/f)) ∈ Z for all α ∈ δ−1a2. Since δ−1a2 is an O0-ideal,
we have λα ∈ δ−1a2 for any λ ∈ O0 and α ∈ δ−1a2. Hence
Tr(λα∆−1) ∈ Z, Tr(λα∆−1(ξ/f)) ∈ Z.
This proves that α∆−1 ∈ Ô0 and α∆−1(ξ/f) ∈ Ô0 for any α ∈ δ−1a2.
Hence ∆−1δ−1a2 ⊂ Ô0 ∩ (f/ξ)Ô0 = ∆−1j. So we have δ−1a2 ⊂ j. We
say that a cubic ring R is weakly self dual if every proper R-ideal is
an invertible R-ideal. Since the index g = (Ok : O0) is square free,
O0 is weakly self dual by Fro¨hlich [8, Therem 10, Proposition 8.1].
Hence any proper O0-ideal is an invertible O0-ideal. In particular, a
is an invertible O0-ideal. We denote by NO0(a) the norm of a as an
O0-ideal. Then we have
NO0(a) = (O0 : O)NO(a) = hNO(a).
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It follows from [8, Corollary 1 to Theorem 4] that an O0-ideal b is
invertible if and only if (Okb : b) = (Ok : O0). Hence for any proper
integral O0-ideal b, we have
NO0(b) = (O0 : b) =
(Ok : O0)(O0 : b)
(Ok : O0) =
(Ok : Okb)(Okb : b)
(Ok : O0)
= (Ok : Okb) = N(Okb).
Thus for any two integral proper O0-ideals b1 and b2, we have
NO0(b1b2) = N(Okb1Okb2) = N(Okb1)N(Okb2) = NO0(b1)NO0(b2).
In particular, we have
NO0(δ
−1a2) = Nk/Q(δ)
−1NO0(a)
2 = Nk/Q(δ)
−1h2NO(a)
2 = h2.
Since j = [h, fω, θ] and O0 = [1, gω, θ], we have NO0(j) = h2. Then the
inclusion δ−1a2 ⊂ j implies δ−1a2 = j. Conversely, if a is an invertible
O0-ideal and δ is an invertible element of k with positive norm such
that δ−1a2 = j, then we have δ−1a2 ⊂ O and NO0(a)2 = h2Nk/Q(δ),
hence NO(a)
2 = Nk/Q(δ).
Since Ok = [1, ω, θ] and O = [1, fω, θ], for any φ ∈ Aut(Ok) with
φ(O) = O, we have φ(O0) = O0. Hence E(O) = E(O)/ ∼. We have
seen that
I (O,O0) = {(a, δ) ∈ IO0 × k× | δ−1a2 = j(O,O0), Nk/Q(δ) > 0}.
We also have
(4.12) I (O) =
⋃
O⊂O0⊂Ok
I (O,O0) (disjoint).
We define two subgroups of IO0 × k× by
G(O0) = {(b, λ) ∈ IO0 × k× | b2 = λO0, Nk/Q(λ) > 0},
H(O0) = {(κO0, κ2) | κ ∈ k×}.
H(O0) is a subgroup of G(O0). If the set I (O,O0) is not empty, then
the group G(O0) acts transitively on it by (b, λ) · (a, δ) = (ba, λδ),
hence the number of H(O0)-orbits of I (O,O0) is given by
(4.13) |H(O0)\I (O,O0)| = (G(O0) : H(O0)).
We denote by Cl
(2)
O0
the subgroup of ClO0 consisting of all elements c
satisfying c2 = 1. For any ideal class c ∈ Cl(2)O0 , we take an invertible
O0-ideal b in c. Then b2 = λO0 for some λ ∈ k×. If Nk/Q(λ) < 0,
then we replace λ by −λ. So we can take Nk/Q(λ) > 0. Hence (b, λ) ∈
G(O0). Thus the correspondence (b, λ) 7→ bPO0 defines a surjective
homomorphism ϕ : G(O0)→ Cl(2)O0 . The kernel is obviously given by
kerϕ = {(κO0, εκ2) | κ ∈ k×, ε ∈ U+(O0)},
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where U+(O0) denotes the group of units of O0 having positive norm.
We have kerϕ/H(O0) ∼= U+(O0)/U+(O0)2. Hence we have
(4.14) (G(O0) : H(O0)) = |Cl(2)O0 |(U+(O0) : U+(O0)2).
We put
F (u) = af 2u31 + bfu
2
1u2 + cu1u
2
2 + (d/f)u
3
2.
Then F corresponds to the cubic ring O = [1, fω, θ]. By definition, we
have C (O,O0) = H(O0)\I (O,O0). By (4.10), (4.13) and (4.14), we
have
|Cl(2)O0 |(U+(O0) : U+(O0)2)
|Aut(O)| |U+2 (O0)|
=
∑
(A,B)∈Γ\Lˆ(O,O0)
1
|Γ(A,B)|
provided that I (O,O0) is not empty. The set I (O,O0) is not empty
if and only if the ideal class of j(O,O0) belongs to Cl2O0 . We denote by
X(O,O0) the subgroup of ClO0 /Cl2O0 generated by the ideal class of
j(O,O0). ThenX(O,O0) has order two ifI (O,O0) is empty, otherwise
it is trivial. Hence we have
Γ\Lˆ(O) =
⋃
O⊂O0⊂Ok
Γ\Lˆ(O,O0) (disjoint),
∑
(A,B)∈Γ\Lˆ(O,O0)
1
|Γ(A,B)| =
(U+(O0) : U+(O0)2)
|Aut(O)| |U+2 (O0)|
|Cl(2)O0 | (2− |X(O,O0)|).
(4.15)
If k is a cubic field or O0 = Ok, then
(4.16) (U+(O0) : U+(O0)2) =
{
4, Disc(k) > 0,
2, Disc(k) < 0,
where Disc(k) denotes the discriminant of Ok. Further we have
(4.17) |U+2 (O0)| =
 1, k is a cubic field,2, k = Q⊕ k1, k1 is a quadratic field,
4, k = Q3.
We now study the case of Disc(k) > 0 more precisely. For an element
(A,B) ∈ Lˆ(F,O0), we shall obtain a necessary and sufficient condition
for (A,B) ∈ V1, where V1 is the real orbit defined in §1. Let (O, a, δ) be
the corresponding triple. Then we have δ−1a2 = j(O,O0) and (A,B) is
given by
A = −(Tr(∆−1δ−1αiαj)), B = −(Tr(∆−1δ−1αiαj(ξ/f))),
where {α1, α2, α3} is a Z-basis of a having the same orientation as
{1, fω, θ}. For any λ ∈ k, we denote by λ(i) (i = 1, 2, 3) the conjugates
of λ. If k is a cubic field, then λ(i)’s are as usual. If k = Q ⊕ k1,
k1 is a quadratic field, then for λ = (λ1, λ2), λ1 ∈ Q, λ2 ∈ k1, the
conjugates of λ are λ1, λ2 and λ
′
2, where λ
′
2 is the conjugate of λ2. If
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k = Q3, then the conjugates of λ = (λ1, λ2, λ3) are λ1, λ2 and λ3. We
put U = (α
(i)
j ) ∈ GL3(R) and β = −∆−1δ−1. Then we have
A = tU diag[β(1), β(2), β(3)]U,
B = tU diag[β(1)ξ(1)/f, β(2)ξ(2)/f, β(3)ξ(3)/f ]U,
where diag[a1, . . . , an] denotes the diagonal matrix whose diagonal en-
tries are a1, . . . , an.
Let v = (v1 : v2 : v3) be an element of Zero(A,B) ⊂ P2(C) and put
w = (w1 : w2 : w3) = v
tU . Then we have
β(1)w21 + β
(2)w22 + β
(3)w23 = 0,
ξ(1)β(1)w21 + ξ
(2)β(2)w22 + ξ
(3)β(3)w23 = 0.
These equations imply that w21/δ
(1) = w22/δ
(2) = w23/δ
(3). Since (A,B)
belongs to V1 if and only if |Zero(A,B)∩P2(R)| = 4. Hence (A,B) ∈ V1
if and only if δ is totally positive. If δ is totally positive, then the
ideal class j(O,O0)PO0,+ belongs to Cl2O0,+. So we have proved that
Lˆ(F,O0) ∩ V1 is not empty if and only if the ideal class j(O,O0)PO0,+
belongs to Cl2O0,+. We denote by k
×
+ the subgroup of k
× consisting of
totally positive elements. We put
I+(O,O0) = {(a, δ) ∈ IO0 × k×+ | δ−1a2 = j(O,O0)}.
We define a subgroup of IO0 × k×+ by
G+(O0) = {(b, λ) ∈ IO0 × k×+ | b2 = λO0}.
Then G+(O0) contains H(O0). If the set I+(O,O0) is not empty, then
the group G+(O0) acts transitively on it as before, hence the number
of H(O0)-orbits of I+(O,O0) is given by
(4.18) |H(O0)\I+(O,O0)| = (G+(O0) : H(O0)).
We denote by C+(O,O0) the set of equivalence classes of I+(O,O0).
Then we have C+(O,O0) = H(O0)\I+(O,O0) by definition. We put
Lˆ1(O,O0) = Lˆ(O,O0) ∩ V1. We have similarly as in (4.10)
(4.19)
1
|Aut(O)| |C+(O,O0)| = |U
+
2 (O0)|
∑
(A,B)∈Γ\Lˆ1(O,O0)
1
|Γ(A,B)| .
We denote by Cl
(2)
O0,+
the subgroup of ClO0,+ consisting of all elements
c satisfying c2 = 1. For any ideal class c ∈ Cl(2)O0,+, we take an invertible
O0-ideal b in c. Then b2 = λO0 for some λ ∈ k×+. Hence (b, λ) ∈
G+(O0). Thus the correspondence (b, λ) 7→ bPO0,+ defines a surjective
homomorphism ψ : G+(O0) → Cl(2)O0,+. The kernel is obviously given
by
kerψ = {(κO0, εκ2) | κ ∈ k×+, ε ∈ U+(O0)}.
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where U+(O0) denotes the group of totally positive units in O0. We
put H+(O0) = {(κO0, κ2) | κ ∈ k×+}. Then we have
kerψ/H+(O0) ∼= U+(O0)/U+(O0)2
and
H(O0)/H+(O0) ∼= k×/k×+U2(O0),
where U2(O0) denotes the group of units in O0 having order dividing
2. Hence
(G+(O0) : H(O0)) = (G+(O0) : kerψ)(kerψ : H+(O0))
(H(O0) : H+(O0))
=
|Cl(2)O0,+ |(U+(O0) : U+(O0)2)
(k× : k×+U2(O0))
=
|Cl(2)O0,+ |(U+(O0) : U+(O0)2)(k×+U2(O0) : k×+)
(k× : k×+)
.
Since Disc(k) > 0, U2(O0) ∩ k×+ = {1}, hence k×+U2(O0)/k×+ ∼= U2(O0).
We also have (k× : k×+) = 2
3. By Dirichlet’s unit theorem, the index
(U+(O0) : U+(O0)2) is 4, 2 or 1 according as k is a totally real cubic
field, k is a direct sum of Q and a real quadratic field or k = Q3. Hence
we have
(4.20) (G+(O0) : H(O0)) = 2−3|Cl(2)O0,+ |(U+(O0) : U+(O0)2)|U2(O0)|.
We denote by X+(O,O0) the subgroup of ClO0,+ /Cl2O0,+ generated by
the ideal class of j(O,O0). Then X+(O,O0) has order two if I+(O,O0)
is empty, otherwise it is trivial. By (4.18), (4.19) and (4.20), we have
Γ\Lˆ1(O) =
⋃
O⊂O0⊂Ok
Γ\Lˆ1(O,O0),
∑
(A,B)∈Γ\Lˆ1(O,O0)
1
|Γ(A,B)| =
(U+(O0) : U+(O0)2)|U2(O0)|
23|Aut(O)| |U+2 (O0)|
|Cl(2)O0,+ |
(4.21)
× (2− |X+(O,O0)|).
If k is a totally real cubic field or O0 = Ok, then
|U2(O0)| =
 2, if k is a totally real cubic field,4, if k = Q⊕ k1, k1 is a real quadratic field,
8, if k = Q3.
So in that case (4.21) becomes∑
(A,B)∈Γ\Lˆ1(O,O0)
1
|Γ(A,B)| =
|Cl(2)O0,+ |
|Aut(O)| |U+2 (O0)|
(2− |X+(O,O0)|).
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We write y = (A,B) ∈ Lˆ and µ(y) = 1/|Γ(A,B)|. We now set
Lˆi(O,O0) = Lˆ(O,O0) ∩ Vi (i = 1, 2, 3).
By (4.15) and (4.21), we have
Proposition 4.7. Let k be an an e´tale cubic algebra over Q and let O
and O0 be orders of k such that O ⊂ O0 ⊂ Ok. We assume that the
index (Ok : O) is square free. If Disc(k) > 0, then we have∑
y∈Γ\Lˆ1(O,O0)
µ(y)
=
(U+(O0) : U+(O0)2) · |U2(O0)|
23|Aut(O)| · |U+2 (O0)|
|Cl(2)O0,+ | (2− |X+(O,O0)|),∑
y∈Γ\Lˆ1(O,O0)
µ(y) +
∑
y∈Γ\Lˆ3(O,O0)
µ(y)
=
(U+(O0) : U+(O0)2)
|Aut(O)| · |U+2 (O0)|
|Cl(2)O0 | (2− |X(O,O0)|).
If Disc(k) < 0, then we have∑
y∈Γ\Lˆ2(O,O0)
µ(y) =
(U+(O0) : U+(O0)2)
|Aut(O)| · |U+2 (O0)|
|Cl(2)O0 | (2− |X(O,O0)|).
If k is a cubic field, then the proposition above becomes as follows.
Corollary 4.8. Let k be a cubic field and let O and O0 be orders of
k such that O ⊂ O0 ⊂ Ok and the index (Ok : O) is square free. If
Disc(k) > 0, then we have∑
y∈Γ\Lˆ1(O,O0)
µ(y) =
|Cl(2)O0,+ |(2− |X+(O,O0)|)
|Aut(O)| ,
∑
y∈Γ\Lˆ1(O,O0)
µ(y) +
∑
y∈Γ\Lˆ3(O,O0)
µ(y) =
4|Cl(2)O0 | (2− |X(O,O0)|)
|Aut(O)| .
If Disc(k) < 0, then we have∑
y∈Γ\Lˆ2(O,O0)
µ(y) = 2|Cl(2)O0 | (2− |X(O,O0)|).
We give the following lemma for later use.
Lemma 4.9. Let k be a Galois cubic field and O and O0 be orders of
k such that O ⊂ O0 ⊂ Ok. We assume that the index f = (Ok : O)
is a square free odd integer such that each prime number p dividing f
ramifies in k/Q. Then we have |Cl(2)O0 | = |Cl
(2)
k |, |Cl(2)O0,+ | = |Cl
(2)
k,+ |
and X(O,O0), X+(O,O0) are trivial.
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Proof. Let {1, ω, θ} be a normalized basis of Ok such that {1, fω, θ}
is a basis of O. Then f = [f, fω, θ] is the conductor of O. We put
g = (Ok : O0) and h = (O0 : O). Since each prime number p|f ramifies
in k/Q, the prime ideal decomposition of pOk is of the form pOk = p3.
Hence the p-part of f is fp = p
2. Then it follows from the Chinese
remainder theorem that
(Ok/f)× ∼=
∏
p|f
(Ok/fp)×, |(Ok/f)×| =
∏
p|f
p(p− 1).
Since O = Z+ f and f ∩ Z = fZ, we have
(O/f)× ∼= (Z/fZ)×, |(O/f)×| = |(Z/fZ)×| =
∏
p|f
(p− 1).
Hence |(Ok/f)×|/|(O/f)×| =
∏
p|f p = f . By (3.1) and (3.3), we have
two exact sequence of finite abelian groups
1 −→ ker(ClO → Clk) −→ ClO −→ Clk −→ 1,
1 −→ ker(ClO,+ → Clk,+) −→ ClO,+ −→ Clk,+ −→ 1.
By Corollary 3.10 and Corollary 3.13, the orders of the kernels are
f/(U(Ok) : U(O)) and f/(U+(Ok) : U+(O)), which are odd integers.
Hence ClO /Cl
2
O
∼= Clk /Cl2k and ClO,+ /Cl2O,+ ∼= Clk,+ /Cl2k,+. Thus we
have |Cl(2)O | = |Cl(2)k | and |Cl(2)O,+ | = |Cl(2)k,+ |. By the same argument,
we have |Cl(2)O0 | = |Cl
(2)
k | and |Cl(2)O0,+ | = |Cl
(2)
k,+ |. Since X(O,O0)
(resp. X+(O,O0)) is a subgroup of ClO0 /Cl2O0 (resp. ClO0,+ /Cl2O0,+)
generated by the ideal class of j(O,O0) and since j(O,O0)Ok = h =∏
p|h p
2, X(O,O0) (resp. X+(O,O0)) is trivial. 
5. Quartic rings
We summarize the results in Bhargava [2]. Let A(v) be an integral
ternary quadratic form in variables v = (v1, v2, v3). We write
A(v) = a11v
2
1 + a12v1v2 + a13v1v3 + a22v
2
2 + a23v2v3 + a33v
2
3,
with aij ∈ Z. We identify A(v) by the symmetric matrix
A =
 a11
1
2
a12
1
2
a13
1
2
a12 a22
1
2
a23
1
2
a13
1
2
a23 a33
 .
Let (A,B) be a pair of integral ternary quadratic forms and write
A(v) =
∑
1≤i≤j≤3
aijvivj , B(v) =
∑
1≤i≤j≤3
bijvivj
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with aij, bij ∈ Z. Letting aji = aij and bji = bij , we define constants
λijkℓ = λ
ij
kℓ(A,B) by
(5.1) λijkℓ(A,B) =
∣∣∣∣ aij bijakℓ bkℓ
∣∣∣∣ .
For any permutation (i, j, k) of (1, 2, 3), we define constants ckij =
ckij(A,B) by
ciii = ±λikij + Ci,
cjii = ±λiiik,
ciij = ±
1
2
λikjj +
1
2
Cj,
ckij = ±λjjii ,
(5.2)
where we have used ± to denote the sign of the permutation (i, j, k) of
(1, 2, 3), and where the constants Ci are given by
(5.3) C1 = λ
23
11, C2 = −λ1322, C3 = λ1233.
Then we have
c112 = c
2
12 = c
1
13 = 0, c
3
13 = λ
23
11, c
2
23 = λ
12
33, c
3
23 = −λ1322.
Hence the values of the ckij (for k > 0) are all integral. We put
(5.4) c0ij =
3∑
r=1
(crjkc
k
ri − crijckrk)
for any k ∈ {1, 2, 3} r {i}. It follows from (5.2) that the expression
of c0ij does not depend on the choice of k. We now define a quartic
ring Q(A,B) as follows. Let Q(A,B) be a free Z-module with basis
{α0 = 1, α1, α2, α3} and the multiplication of Q(A,B) is given by
(5.5) αiαj =
3∑
k=0
ckijαk (i, j ∈ {1, 2, 3}).
Then Q(A,B) becomes a quartic ring. We call a basis {1, α1, α2, α3}
normalized if c112 = c
2
12 = c
1
13 = 0. We defined in §1 an integral binary
cubic form F(A,B)(u) in u = (u1, u2), which equals to 4 det(u1A−u2B).
The discriminant Disc(Q(A,B)) of Q(A,B) is equal to Disc(A,B) =
Disc(F(A,B)). Let R(A,B) be the cubic ring corresponding to the binary
cubic form F(A,B)(u). Then the discriminant Disc(R(A,B)) of R(A,B)
is also equal to Disc(A,B) = Disc(F(A,B)).
For any quartic ring Q, we denote by Q¯ the S4-closure of Q. For an
element x ∈ Q, we denote by x, x′, x′′, x′′′ the conjugates of x in Q¯. We
put
φ˜4,3(x) = xx
′ + x′′x′′′.
Then all φ˜4,3(x) are contained in the same cubic ring, namely the cubic
subring of Q¯ consisting of all elements which are fixed by the action of
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D4 = 〈(1 2), (1 3 2 4)〉 ⊂ S4. We define the invariant cubic ring Rinv(Q)
by
Rinv(Q) = Z
[{
φ˜4,3(x) | x ∈ Q
}]
.
A cubic resolvent ring of Q is a cubic ring R such that Disc(R) =
Disc(Q) and R ⊃ Rinv(Q).
Bhargava proved the following theorem ([2, Theorem 1]).
Theorem 5.1. The correspondence (A,B) 7→ (Q(A,B), R(A,B)) in-
duces a canonical bijection between the set of Γ-orbits of nondegenerate
pairs of integral ternary quadratic forms and the set of isomorphism
classes of pairs (Q,R), where Q is a nondegenerate quartic ring and R
is a cubic resolvent ring of Q.
It is clear from formulae (5.2), (5.3), (5.4), and (5.5) that the content
of a quartic ring Q(A,B) is equal to the greatest common divisor of the
fifteen SL2-invariants λ
ij
kℓ(A,B). Thus the content ct(A,B) of a pair
(A,B) of integral ternary quadratic forms is defined by
ct(A,B) = ct(Q(A,B)) = gcd{λijkℓ(A,B)}.
We call (A,B) primitive if ct(A,B) = 1. The following corollary is [2,
Corollary 5]
Corollary 5.2. Every quartic ring has a cubic resolvent ring. A prim-
itive quartic ring has a unique cubic resolvent ring up to isomorphism.
In particular, every maximal quartic ring has a unique cubic resolvent
ring.
Let (A,B) be a nondegenerate pair of integral ternary quadratic
forms and γ = (γ1, γ2) an element of Γ. We put (A
′, B′) = γ · (A,B).
Then there exists a ring isomorphism ψ : Q(A′, B′) → Q(A,B) by
Theorem 5.1. We now give the isomorphism ψ explicitly.
Proposition 5.3. Let (A,B) be a nondegenerate pair of integral ternary
quadratic forms and δ = (δ1, δ2) be an element of M3(Z)×M2(Z) such
that det δ1 6= 0, det δ2 6= 0. We put (A′, B′) = δ · (A,B) and denote by
{βi} the basis {αi} for the quartic ring Q(A′, B′). Then there exists an
injective ring homomorphism ψ : Q(A′, B′)→ Q(A,B) satisfying
(5.6)
 ψ(β1)ψ(β2)
ψ(β3)
 ≡ (det δ1)(det δ2)δ1
 α1α2
α3
 (mod Z)
Proof. We write A′(v) =
∑
i≤j a
′
ijvivj and B
′(v) =
∑
i≤j b
′
ijvivj. We
set
(5.7) λijkℓ =
∣∣∣∣ aij bijakℓ bkℓ
∣∣∣∣ , λ˜ijkℓ = ∣∣∣∣ a′ij b′ija′kℓ ′bkℓ
∣∣∣∣ .
We also set ckij = c
k
ij(A,B) and c˜
k
ij = c
k
ij(A
′, B′).
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Case 1. δ1 = 13, δ2 =
(
p q
r s
)
. By definition, we have
λ˜ijkℓ =
∣∣∣∣ aij bijakℓ bkℓ
∣∣∣∣ ∣∣∣∣ p rq s
∣∣∣∣ = (det δ2)λijkℓ.
Hence c˜kij = (det δ2)c
k
ij for k > 0. So we have an injective ring ho-
momorphism ψ : Q(A′, B′) → Q(A,B) such that ψ(βi) = (det δ2)αi,
i = 1, 2, 3.
Case 2. δ1 = diag[d1, d2, d3], di 6= 0, δ2 = 12. Then we have a′ij =
didjaij , b
′
ij = didjbij . Hence we have
λ˜ijkℓ =
∣∣∣∣ didjaij didjbijdkdℓakℓ dkdℓbkℓ
∣∣∣∣ = didjdkdℓλijkℓ.
Hence dkc˜
k
ij = (det δ1)didjc
k
ij for k > 0. So we have an injective ring ho-
momorphism ψ : Q(A′, B′) → Q(A,B) such that ψ(βi) = (det δ1)diαi
for i = 1, 2, 3.
Case 3. δ2 = 12 and δ1 is one of the following three matrices:
σ12 =
 0 1 01 0 0
0 0 1
 , σ23 =
 1 0 00 0 1
0 1 0
 , τ21 =
 1 0 01 1 0
0 0 1
 .
Case 3-1. δ1 = σ12. We put 1
′ = 2, 2′ = 1, 3′ = 3. Then we have
a′ij = ai′j′, b
′
ij = bi′j′. Hence λ˜
ij
kℓ = λ
i′j′
k′ℓ′ . For any permutation (i j k) of
(1 2 3), (i′ j′ k′) is also a permutation of (1 2 3) whose sign is −1 times
that of (i j k). So if we use ± to denote the sign of (i j k), then that of
(i′ j′ k′) is ∓. Hence we have
c˜jii = ±λ˜iiik = ±λi
′i′
i′k′ = −cj
′
i′i′.
Similarly we have c˜kij = −ck′i′j′, c˜112 = c112 = c˜212 = c212 = c˜113 = c113 = 0,
c˜111 = −c222, c˜222 = −c111, c˜333 = −c333 + 2c223,
c˜223 = c
2
23, c˜
3
13 = −c323, c˜323 = −c313.
We define an isomorphism ψ : Q(A′, B′)→ Q(A,B) of Z-modules by
ψ(β0) = α0, ψ(β1) = −α2, ψ(β2) = −α1, ψ(β3) = c223 − α3.
By the relations above, we have the congruences
(5.8) ψ(βiβj) =
3∑
k=0
c˜kijψ(βk) ≡ ψ(βi)ψ(βj) (mod Z)
for all 1 ≤ i ≤ j ≤ 3. The congruences imply that {ψ(βi)} is a
normalized basis of the quartic ring Q(A,B). So the constants c˜0ij’s
are determined by c˜kij’s for k > 0. Hence the congruences become the
equations ψ(βiβj) = ψ(βi)ψ(βj). Thus ψ is a ring isomorphism.
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Case 3-2. δ1 = σ23. We put 1
′ = 1, 2′ = 3, 3′ = 2. By the same
argument as in Case 3-1, we have
c˜jii = −cj
′
i′i′ .
Similarly we have c˜kij = −ck′i′j′, c˜112 = c112 = c˜212 = c212 = c˜113 = c113 = 0,
c˜111 = −c111 + 2c313, c˜222 = −c333, c˜333 = −c222,
c˜223 = −c323, c˜313 = c313, c˜323 = −c223.
We define an isomorphism ψ : Q(A′, B′)→ Q(A,B) of Z-modules by
ψ(β0) = α0, ψ(β1) = c
3
13 − α1, ψ(β2) = −α3, ψ(β3) = −α2.
By the relations above, we have the congruences (5.8) which become
the equations ψ(βiβj) = ψ(βi)ψ(βj) as in Case 3-1. Thus ψ is a ring
isomorphism.
Case 3-3. δ1 = τ21. In this case, we have
a′11 = a11, a
′
12 = a12 + 2a11, a
′
13 = a13,
a′22 = a22 + a11 + a12, a
′
23 = a23 + a13, a
′
33 = a33,
b′11 = b11, b
′
12 = b12 + 2b11, b
′
13 = b13,
b′22 = b22 + b11 + b12, b
′
23 = b23 + b13, b
′
33 = b33.
Hence we have c˜112 = c
1
12 = c˜
2
12 = c
2
12 = c˜
1
13 = c
1
13 = 0,
c˜111 = c
1
11 − 3c211, c˜211 = c211, c˜311 = c311, c˜312 = c312 + c311, c˜213 = c213,
c˜313 = c
3
13 − c211, c˜122 = c111 − c211 + c122 − c222, c˜222 = c222 − 2c111 + 3c211,
c˜322 = c
3
22 + 2c
3
12 + c
3
11, c˜
1
23 = c
1
23 − c223 − c213, c˜223 = c223 + 2c213,
c˜323 = c
3
23 + c
2
11 − c111 + c313, c˜133 = c133 − c233,
c˜233 = c
2
33, c˜
3
33 = c
3
33 + 2c
2
13.
We define an isomorphism ψ : Q(A′, B′) → Q(A,B) of Z-modules by
ψ(β0) = α0, ψ(β1) = α1 − c211, ψ(β2) = α1 + α2 + c211 − c111, ψ(β3) =
α3 + c
2
13. By the relations above, we have the congruences (5.8) which
become the equations ψ(βiβj) = ψ(βi)ψ(βj) as in Case 3-1. Thus ψ is
a ring isomorphism.
In all cases, we have an injective ring homomorphism ψ : Q(A′, B′)→
Q(A,B) which satisfies the formula (5.6). Since the three matrices
σ12, σ23 and τ21 generate the group GL3(Z) and any δ1 ∈ M3(Z) with
det δ1 6= 0 can be written as δ1 = γ1 diag[d1, d2, d3]γ′1 with γ1, γ′1 ∈
GL3(Z), the formula (5.6) holds for any δ = (δ1, δ2) ∈M3(Z)×M2(Z)
with det δ1 6= 0, det δ2 6= 0. In particular, for any δ ∈ Γ, the ring
isomorphism ψ : Q(A′, B′) ∼= Q(A,B) satisfies (5.6). 
Let (A,B) be a nondegenerate pair of integral ternary quadratic
forms. We now consider the relation between the isotropy group Γ(A,B)
of (A,B) in Γ and the automorphism group Aut(Q(A,B)) of the quartic
ring Q(A,B).
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Lemma 5.4. For any nondegenerate pair (A,B) of integral ternary
quadratic forms, there exists an element γ ∈ Γ such that (A′, B′) =
γ · (A,B) satisfies a′11 = a′12 = 0, b′11 6= 0, where a′ij and b′ij are the
coefficients of vivj in A
′(v) and B′(v), respectively.
Proof. Since B 6= 0, there exist integers p, q, r such that B(p, q, r) 6=
0 and gcd(p, q, r) = 1. We take a matrix γ1 ∈ GL3(Z) whose first
row is (p, q, r) and put (A′, B′) = (γ1, 12) · (A,B). Then B′(1, 0, 0) =
B(p, q, r) 6= 0. So we may assume b11 6= 0 from the beginning. We put
t = gcd(a11, b11) and write a11 = ta1, b11 = tb1, gcd(a1, b1) = 1. We
take integers p, q such that a1p+ b1q = 1 and put
γ2 =
(
b1 −a1
p q
)
∈ SL2(Z), (A′, B′) = (13, γ2) · (A,B).
Then we have a′11 = 0 and b
′
11 = t 6= 0. Thus we may assume a11 = 0
and b11 6= 0 from the beginning. If a12 = 0, then nothing remains
to prove. We assume a12 6= 0. We put t = gcd(a12, a13) and write
a12 = ta2, a13 = ta3, gcd(a2, a3) = 1. We take integers p, q such that
a2p+ a3q = 1 and put
γ1 =
 1 0 00 a3 −a2
0 p q
 ∈ SL3(Z), (A′, B′) = (γ1, 12) · (A,B).
Then we have a′11 = a
′
12 = 0, b
′
11 = b11 6= 0. 
Proposition 5.5. For any nondegenerate pair (A,B) of integral ternary
quadratic forms, there exists an injective group homomorphism Γ(A,B) →
Aut(Q(A,B)). Further if (A,B) is primitive, then the homomorphism
is an isomorphism.
Proof. We denote by {αi} the basis of Q(A,B) as before. By
Proposition 5.3, any γ = (γ1, γ2) ∈ Γ(A,B) gives a ring automorphism
ψ : Q(A,B)→ Q(A,B) such that ψ(α1)ψ(α2)
ψ(α3)
 = (det γ2)γ1
 α1α2
α3
 +
 e1e2
e3

for some integers e1, e2, e3. Since {αi} is a normalized basis, i. e.
c112 = c
2
12 = c
1
13 = 0, the integers e1, e2, e3 are determined by γ. Hence
the correspondence γ 7→ ψ−1 defines a natural group homomorphism
Γ(A,B) → Aut(Q(A,B)). If γ = (γ1, γ2) ∈ Γ(A,B) is in the kernel, we
have (det γ2)γ1 = 13, hence det γ2 = 1 and γ1 = 13. Since A and B are
linearly independent over C, we have γ2 = 12. We now assume that
(A,B) is primitive. We replace (A,B) by a suitable Γ-equivalent pair
by Lemma 5.4, we may assume that (A,B) is of the form
A(v) = a13v1v3 + a22v
2
2 + a23v2v3 + a33v
2
3,
B(v) = b11v
2
1 + b12v1v2 + b13v1v3 + b22v
2
2 + b23v2v3 + b33v
2
3 , b11 6= 0.
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Since (A,B) is primitive, gcd(a13, a22, a23, a33) = 1. Let σ be an element
of Aut(Q(A,B)). Then there exists an element γ1 ∈ GL3(Z) such that
t(σ(αi)) ≡ γ1t(αi) (mod Z). We take an element γ2 ∈ Γ2 such that
det γ2 = det γ1 and put (A
′, B′) = (γ1, γ2) · (A,B). We denote by a′ij
and b′ij the coefficients of vivj in A
′(v) and B′(v), respectively. We can
take γ2 so that a
′
11 = 0. We denote by {α′i} the basis {αi} for Q(A′, B′).
By Proposition 5.3, there exists a ring isomorphism ψ : Q(A′, B′) →
Q(A,B) such that t(ψ(α′i)) ≡ γ1t(αi) (mod Z). Hence σ(αi) ≡ ψ(α′i)
(mod Z). Since {ψ(α′i)} and {σ(αi)} are both normalized basis of
the quartic ring Q(A,B), σ(αi) = ψ(α
′
i). So we have c
k
ij(A
′, B′) =
ckij(A,B), hence λ
ij
kℓ(A
′, B′) = λijkℓ(A,B) for all i, j, k, ℓ. Since a11 =
a′11 = 0, we have b11akℓ = b
′
11a
′
kℓ for all 1 ≤ k ≤ ℓ ≤ 3. If b′11 = 0,
then b11 6= 0 implies akℓ = 0. This is a contradiction. So we have
b′11 6= 0. We put t = b11/b′11 ∈ Q×. Then we have a′kℓ = takℓ for all
k, ℓ. In particular, we have a′12 = ta12 = 0. Since (A,B) is primitive,
so is (A′, B′). Since gcd(a13, a22, a23, a33) = 1, the equations a
′
kℓ = takℓ
for all k, ℓ imply t ∈ Z. Similarly we have t−1 ∈ Z. Hence t = ±1.
We take (i, j) such that aij 6= 0. Then it follows from the equations
λijkℓ(A,B) = λ
ij
kℓ(A
′, B′) that aij(bkℓ − tb′kℓ) = (bij − tb′ij)akℓ. If we put
s = (bij − tb′ij)/aij ∈ Q, then we have b′kℓ = −t−1sakℓ + t−1bkℓ. Since
t = ±1 and gcd(a13, a22, a23, a33) = 1, we have s ∈ Z. We put
δ2 =
(
t 0
−t−1s t−1
)
∈ SL2(Z).
Then we have (A′, B′) = (13, δ2) · (A,B). We put ǫ = det γ1, γ′1 = ǫγ1
and γ′2 = δ
−1
2 γ2. Then (γ
′
1, γ
′
2) · (A,B) = (A,B) and (det γ′2)γ′1 =
ǫγ′1 = γ1. Hence (γ
′
1, γ
′
2) is an element of Γ(A,B) which gives the ring
automorphism σ. This proves the surjectivity. 
Let (A,B) be a nondegenerate pair of integral ternary quadratic
forms. We put K = Q(A,B) ⊗Z Q, k = R(A,B) ⊗Z Q and F =
F(A,B). If the index (OK : Q(A,B)) is cube free, then Q(A,B) is
primitive, hence by Proposition 5.5, Γ(A,B) ∼= Aut(Q(A,B)). So we
have µ(A,B) = 1/|Aut(Q(A,B))| for any primitive pair (A,B).
If K is a quartic field, we denote by K˜ the Galois closure of K over
Q and put G = Gal(K˜/Q). We denote by Sn, An, Dn, Cn and V4, the
symmetric group of degree n, the alternating group of degree n, the
dihedral group of order 2n, the cyclic group of order n and the Klein
four-group, respectively. If G = S4 or A4, then K has no nontrivial
subfield. Hence Aut(OK) is trivial and so is Aut(Q(A,B)). In this
case, k is a non-Galois cubic field or Galois cubic field according as
G = S4 or A4. If G = D4, then K has a unique quadratic subfield k2.
Hence Aut(OK) = C2 and Aut(Q(A,B)) is trivial or equal to C2. In
this case, we can write K = k2(
√
θ) and k2 = Q(θ) for some θ ∈ k2.
Then k = Q ⊕ k1 and k1 = Q
(√
Nk2/Q(θ)
)
is a quadratic field. If
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G = C4, then Aut(OK) = C4, hence Aut(Q(A,B)) is trivial, C2 or C4.
In this case, k = Q⊕ k1, where k1 is the unique quadratic subfields of
K. If G = V4, then Aut(OK) = V4, hence Aut(Q(A,B)) is trivial, C2
or V4. In this case, k = Q
3.
It remains to deal with the case when K is not a quartic field. If
K = Q ⊕ k3 where k3 is a non-Galois cubic field, then Aut(OK) is
trivial, hence so is Aut(Q(A,B)). In this case, k = k3 is a non-Galois
cubic field. If K = Q ⊕ k3 where k3 is a Galois cubic field, then
Aut(OK) = C3, hence Aut(Q(A,B)) is trivial or C3. In this case,
k = k3 is a Galois cubic field. If K = k2 ⊕ k3 where k2, k3 are distinct
quadratic fields, then Aut(OK) = V4, hence Aut(Q(A,B)) is trivial,
C2 or V4. In this case, k = Q ⊕ k1, k1 = Q(
√
Disc(k2) Disc(k3)). If
K = Q2 ⊕ k1 where k1 is a quadratic field, then Aut(Q(A,B)) is the
same as in the previous case and k = Q⊕k1. If K = k1⊕k1 where k1 is
a quadratic field, then Aut(OK) = D4, hence Aut(Q(A,B)) is trivial,
C2, V4 or D4. In this case, k = Q
3. If K = Q4, then Aut(OK) = S4,
hence Aut(Q(A,B))) is trivial, C2, C4, V4, D4, A4 or S4. In this case,
k = Q3.
So the cubic algebra k is a field if and only if K is a quartic field
with G = S4, A4 or K is a direct sum of Q and a cubic field. In these
cases, Aut(Q(A,B)) is trivial or C3.
Proposition 5.6. Let (A,B), (A′, B′) be primitive nondegenerate pairs
of integral ternary quadratic forms such that Q(A′, B′) ⊂ Q(A,B).
Then there exist matrices δ1 ∈ M3(Z) and δ2 ∈ M2(Z) which satisfy
(A′, B′) = (δ1, δ
−1
2 ) · (A,B), | det δ1| = | det δ2| = (Q(A,B) : Q(A′, B′)).
Proof. We put m = (Q(A,B) : Q(A′, B′)) and denote by {α′i}
the basis {αi} for Q(A′, B′). There exists a matrix δ1 ∈ M3(Z) such
that | det δ1| = m and t(α′1, α′2, α′3) ≡ δ1t(α1, α2, α3) (mod Z). We put
(A′′, B′′) = (δ1, 12) · (A,B) and denote by {α′′i } the basis {αi} for
Q(A′′, B′′). By Proposition 5.3, there exists an injective ring homo-
morphism ψ : Q(A′′, B′′)→ Q(A,B) such that
t(α′′i ) ≡ (det δ1)δ1 t(αi) ≡ (det δ1) t(α′i) (mod Z).
Hence ψ induces a ring isomorphism Q(A′′, B′′) ∼= Z + mQ(A′, B′).
Since Q(A′, B′) is primitive, we have gcd{λijkℓ(A′′, B′′)} = ct(A′′, B′′) =
m. We first assume that m divides all coefficients of A′′. We put δ2 =
diag[det δ1, 1] and (A
′′′, B′′′) = (13, δ
−1
2 ) · (A′′, B′′) = (δ1, δ−12 ) · (A,B).
Then (A′′′, B′′′) is a pair of integral ternary quadratic forms such that
ct(A′′′, B′′′) = 1. We next assume that m does not divide a′′ij for some
(i, j), where we denote by a′′kℓ and b
′′
kℓ the coefficients of vkvℓ in A
′′(v)
and B′′(v), respectively. We put d = gcd(a′′ij , b
′′
ij), e = gcd(d,m) and
write d = ed1, m = em1, gcd(d1, m1) = 1. Since e 6= m, we have
m1 > 1 and m1|m. We write a′′ij = da, b′′ij = db and take s, t ∈ Z so
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that γ2 =
(
b −a
s t
)
∈ SL2(Z). We put (A′′′, B′′′) = (13, γ2) · (A′′, B′′)
and denote by a′′′kℓ and b
′′′
kℓ the coefficients of vkvℓ in A
′′′(v) and B′′′(v),
respectively. Then we have
a′′′kℓ = ba
′′
kℓ − ab′′kℓ = −d−1(a′′ijb′′kℓ − b′′ija′′kℓ) = −d−1λijkℓ(A′′, B′′).
Since all λijkℓ(A
′′, B′′) are divisible by m, a′′′kℓ are divisible by m1. Hence
(A(4), B(4)) = (13, diag[m
−1
1 , 1]) · (A′′′, B′′′) is a pair of integral ternary
quadratic forms such that ct(A(4), B(4)) = m/m1. Repeating the ar-
gument, we obtain a matrix δ2 ∈ M2(Z) such that det δ2 = m and
(A(n), B(n)) = (13, δ
−1
2 ) · (A′′, B′′) = (δ1, δ−12 ) · (A,B) is a primitive pair
of integral ternary quadratic forms. We denote by {α′′i } and {α(n)i } the
basis {αi} for Q(A′′, B′′) and Q(A(n), B(n)), respectively. By Proposi-
tion 5.3, we have an injective ring homomorphism φ : Q(A′′, B′′) →
Q(A(n), B(n)) such that φ(α′′i ) = mα
(n)
i which induces an isomorphism
Q(A′′, B′′) ∼= Z+mQ(A(n), B(n)). Since Q(A′′, B′′) ∼= Z+mQ(A′, B′),
this implies Q(A′, B′) ∼= Q(A(n), B(n)). Since (A′, B′) and Q(A(n), B(n))
are primitive, the cubic resolvent rings R(A′, B′) and R(A(n), B(n)) are
isomorphic to each other by Corollary 5.2. So (Q(A′, B′), R(A′, B′)) is
isomorphic to (Q(A(n), B(n)), R(A(n), B(n))), hence there is an element
γ = (γ1, γ2) ∈ Γ such that (A′, B′) = γ · (A(n), B(n)) = (γ1δ1, γ2δ−12 ) ·
(A,B) by Theorem 5.1. 
6. The case G = S4
6.1. Cubic resolvent ring of the maximal order. Let K be a
quartic field and K˜ be the normal closure of K over Q. We put G =
Gal(K˜/Q). We assume that G = S4 or A4. We denote by k one of the
three conjugate cubic fields contained in K˜ if G = S4, the unique cubic
field contained in K˜ if G = A4. We denote by k6 the non-Galois sextic
field such that k ⊂ k6 ⊂ K˜ and k6 = k(√α) for some α ∈ k× r (k×)2
which has square norm in Q×. We first study a cubic resolvent ring of
the maximal order OK , which is unique up to isomorphism by Corollary
5.2. Hence it is unique as a subring of Ok if G = S4. By the basic
properties of Artin’s L-function, the following equation on Dedekind
zeta functions holds:
(6.1) ζ(s)ζk6(s) = ζk(s)ζK(s).
By the functional equations of Dedekind zeta functions and (6.1), we
have
(6.2) Disc(K) = Disc(k)N(Disc(k6/k)).
By an elementary argument in Galois theory, we obtain the following
proposition.
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Proposition 6.1. The norm of the relative discriminant N(Disc(k6/k))
is square of a positive integer f . Further if f is odd, then f is square
free.
Let (A,B) be a pair of integral ternary quadratic forms such that
Q(A,B) ∼= OK . SinceOK is primitive, the Γ-equivalence class of (A,B)
is uniquely determined. We consider the cubic ring R(A,B) ⊂ Ok. We
study the relative discriminant Disc(k6/k) and the conductor of the
cubic ring R(A,B). By Proposition 6.1 and (6.2), we have
Disc(R(A,B)) = Disc(Q(A,B)) = Disc(OK) = Disc(Ok)f 2,
where we put N(Disc(k6/k)) = f
2. We now assume that f is square
free. Since f = (Ok : R(A,B)), we can take a basis {1, ω, θ} of Ok such
that {1, fω, θ} is a basis of R(A,B) and the conductor of R(A,B) is f =
[f, fω, θ] by Proposition 2.4. So we have N(f) = f 2 = N(Disc(k6/k)).
Hence we can expect that the conductor f equals the relative discrimi-
nant Disc(k6/k).
Lemma 6.2. Let S = (sij) be a matrix of degree three and tij be the
(i, j)-cofactor of S. Put T = t(tij). Then the (i, j)-cofactor of T is
(detS)sji. In particular, tiitjj = t
2
ij if S is symmetric and detS = 0.
Proof. We have ST = (detS)13, det T = (detS)
2. We denote by
uij the (i, j)-cofactor of T and put U =
t(uij). Then UT = (detS)
213,
hence (U − (detS)S)T = 0. If detS 6= 0, then U − (detS)S = 0,
hence uij = (detS)sji. Since these equations are polynomial identities
in sij’s, uij = (det S)sji still hold when detS = 0. If S is symmetric
and detS = 0, then tiitjj − t2ij = uℓℓ = 0 for {i, j, ℓ} = {1, 2, 3}. 
We identify (A,B) by a pair of symmetric matrices of degree three
whose entries are half integers.
Lemma 6.3. Let ∆ij and ∆
′
ij be the (i, j)-cofactors of ωA + aB and
dA − θB, respectively. Then we have ∆ii∆jj = ∆2ij, ∆′ii∆′jj = (∆′ij)2
and a2∆′ii = θ
2∆ii for all i, j. We also have ∆ii 6= 0 for some i and
k6 = k(
√−∆ii).
Proof. Since 4 det(ωA + aB) = F(A,B)(ω,−a) = 0, by Lemma 6.2
we have ∆ii∆jj = ∆
2
ij . Similarly we have ∆
′
ii∆
′
jj = (∆
′
ij)
2. If {i, j, ℓ} =
{1, 2, 3}, then we have
a2∆′ii = a
2(dajj − θbjj)(daℓℓ − θbℓℓ)− a
2
4
(dajℓ − θbjℓ)2
= θ2(ωajj + abjj)(ωaℓℓ + abℓℓ)− θ
2
4
(ωajℓ + abjℓ)
2 = θ2∆ii.
Since (2A, 2B) is a nondegenerate pair of integral symmetric matrices
of degree three and Fˆ(2A,2B)(u) = 2F(A,B)(u), there exists an ideal a =
[α1, α2, α3] of R(2F(A,B)) = [1, 2ω, 2θ] and κ ∈ k× such that
2A = − (Tr(∆−1κ−1αiαj)) , 2B = − (Tr(∆−1κ−1αiαj(−ω/a))) ,
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where we put ∆ = 3a(−ω/a)2 + 2b(−ω/a) + c ∈ k as we saw just
after (4.17) in §4. We denote by α(i)j the conjugates of αj and put
U = (α
(i)
j ) ∈ GL3(C). If we put β = −∆−1κ−1 and λ = −ω/a, then we
have
2A = (Tr(βαiαj)) =
tU diag[β(1), β(2), β(3)]U,
2B = (Tr(βαiαjλ)) =
tU diag[β(1)λ(1), β(2)λ(2), β(3)λ(3)]U.
Hence
2(ω(1)A+ aB) = a tU diag[0, β(2)(λ(2) − λ(1)), β(3)(λ(3) − λ(1))]U.
This proves that ω(1)A + aB has rank two. So we have ∆
(1)
ij 6= 0 for
some (i, j). Since ∆ii∆jj = ∆
2
ij , we have ∆ii 6= 0. We may assume
∆33 6= 0. We put S = ωA + aB and P =
 1 0 00 1 0
∆13 ∆23 ∆33
. Since
∆33 6= 0, we have P ∈ GL3(k) and
PS tP =
(
S1 0
0 0
)
, S1 =
(
ωa11 + ab11 (ωa12 + ab12)/2
(ωa12 + ab12)/2 ωa22 + ab22
)
.
Since detS1 = ∆33 6= 0, the quadratic form ωA(v) + aB(v) is de-
composed into a product of two distinct linear forms over k(
√−∆33).
Therefore K˜ is obtained by adjoining the square roots of the conjugates
of −∆33. We can check that the norm of −4∆33 is square in Q×. Hence
k6 = k(
√−∆33). 
For a prime number p and a positive integer f , we denote by πp(f)
the number of monic irreducible polynomials of degree f over Fp. Then
πp(f) for f ≤ 4 are given by
πp(1) = p, πp(2) =
p2 − p
2
, πp(3) =
p3 − p
3
, πp(4) =
p4 − p2
4
.
Let F be a number field of degree n over Q and θ be a primitive element
in OF . Then Disc(Z[θ]) = (OF : Z[θ])2Disc(F ). The greatest common
divisor of indices (OF : Z[θ]) of all primitive elements θ ∈ OF is called
the inessential discriminant divisor of F and denoted by i(F ). For
a prime number p and a positive integer f , we denote by rp(f) the
number of prime ideal divisors of p in OF of degree f . Then p|i(F ) if
and only if rp(f) > πp(f) for some f by the criterion in Hasse [9, p.
456]. By this criterion, if p|i(F ), then p < n. If p < n and p splits
completely in F , then p|i(F ). So we obtain the following lemma for
our quartic field K.
Lemma 6.4. If a prime number p divides i(K), then p = 2 or p = 3.
The prime number 3 divides i(K) if and only if 3 is of type 1111 in K.
The prime number 2 divides i(K) if and only if 2 is of type 1111, 1112,
or 22.
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T Z K k k6 k6/k
1 1 1111 111 111111 p ∤ f
1 B2 112 12 1122 p ∤ f
1 C2 22 111 1122 p ∤ f
1 A3 13 3 33 p ∤ f
1 C4 4 12 24 p ∤ f
Table 1. prime ideal decompositions of p for T = 1
T Z K k k6 k6/k
B2 B2 111
2 112 111212 p ∤ f
B2 B4 21
2 112 1122 p ∤ f
C2 C2 1
212 111 111212 p|f
C2 B4 1
212 12 1122 p|f
C2 V4 2
2 111 21212 p|f
C2 C4 2
2 12 222 p|f
A3 A3, S3 11
3 13 1313 p ∤ f
C4 C4, D4 1
4 112 1214 p|f
Table 2. prime ideal decompositions of p for cyclic T 6= 1
From now on, we restrict ourselves to the case of G = S4. We
shall discuss the case of G = A4 in the next section. We consider the
following subgroups of S4.
S3 = {1, (2 3), (2 4), (3 4), (2 3 4), (2 4 3)},
A3 = {1, (2 3 4), (2 4 3)},
D4 = {1, (1 2 3 4), (1 3)(2 4), (1 4 3 2), (1 3), (2 4), (1 2)(3 4), (1 4)(2 3)},
C4 = {1, (1 2 3 4), (1 3)(2 4), (1 4 3 2)},
V4 = {1, (1 3)(2 4), (1 2)(3 4), (1 4)(2 3)},
B4 = {1, (1 3), (2 4), (1 3)(2 4)},
B2 = {1, (1 3)},
C2 = {1, (1 3)(2 4)}.
We may assume Gal(K˜/K) = S3, Gal(K˜/k) = D4, Gal(K˜/k6) = B4.
For a prime number p, we take a prime ideal divisor P in OK˜ of p and
denote by Z, T and V the decomposition group, the inertia group and
the first ramification group of P in K˜/Q, respectively. Then the prime
ideal decompositions of p in K, k and k6 are given by the Tables 1, 2,
3 and 4.
Lemma 6.5. Let d = Disc(k6/k) be the relative discriminant of k6/k
and write N(d) = f 2. We assume f is square free. Let p be a prime
number satisfying p|f and denote by dp the p-part of d. If p 6= 2, then
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V T Z K k k6 k6/k
A3 A3 A3, S3 11
3 13 1313 3 ∤ f
A3 S3 S3 11
3 13 1313 3 ∤ f
Table 3. prime ideal decompositions of 3 for V 6= 1
V T Z K k k6 k6/k
V4 A4 S4 1
4 13 16 2|f
D4 D4 D4 1
4 112 1214 22|f
B4 B4 B4 1
212 112 1114 2|f
B4 B4 D4 2
2 112 214 2|f
V4 V4 V4 1
4 111 121212 23|f
V4 V4 D4 1
4 12 1222 23|f
V4 V4 A4 1
4 3 32 23|f
Table 4. prime ideal decompositions of 2 for non-cyclic T
dp is a square free ideal. If p = 2, then 2 is of type 11
2 or 13 in k and
d2 = p
2 where p is the prime ideal dividing 2 and ramified in k/Q.
Proof. If p is an odd prime ideal of Ok dividing d, then p divides
exactly d by Kummer theory. Hence dp is a square free ideal. Let p be
a prime ideal of Ok dividing 2. We denote by e and n the ramification
index and the residue degree of p in k/Q. If p divides d, then p2
divides d by Kummer theory. Hence 22n divides f 2. Since f is square
free, we have n = 1. We also see that such prime ideal p is unique. It
follows from tables 2 and 4 that 2 is of type 112 or 13 in k, e = 2 and
d2 = p
2. 
Let p be a prime number satisfying p|f . Since f is square free, p is
of type 1212, 22 or 14 in K by the tables. Hence p ∤ i(K). Thus there
exists an element ρ ∈ OK such that K = Q(ρ) and p ∤ (OK : Z[ρ]). Let
ϕ(x) = x4 + a1x
3 + a2x
2 + a3x+ a4 ∈ Z[x] be the minimal polynomial
of ρ over Q. Since p is of type 1212, 22 or 14 in K, we may assume that
if p 6= 2,
ϕ(x) ≡ (x2 − a)2 (mod p),
where a ∈ Z is a quadratic residue modulo p, a quadratic nonresidue
modulo p or a = 0 according as p is of type 1212, 22 or 14. If p = 2, we
may assume that
ϕ(x) ≡
 x
2(x+ 1)2 (mod 2), 2 is of type 1212 in K,
(x2 + x+ 1)2 (mod 2), 2 is of type 22 in K,
x4 (mod 2), 2 is of type 14 in K.
Let ρi (i = 1, 2, 3, 4) be the conjugates of ρ and put
ξ1 = (ρ1+ ρ2)(ρ3+ ρ4), ξ2 = (ρ1+ ρ3)(ρ2+ ρ4), ξ3 = (ρ1+ ρ4)(ρ2+ ρ3).
38 J. NAKAGAWA
If we put g(x) = (x− ξ1)(x− ξ2)(x− ξ3) = x3 + b1x2 + b2x+ b3, then
b1 = −2a2, b2 = a22 + a1a3 − 4a4, b3 = a23 − a1a2a3 + a21a4.
We put α1 = ρ, α2 = ρ
2 + a1ρ + a2, α3 = ρ
3 + a1ρ
2 + a2ρ + a3. Then
Z[ρ] = [1, α1, α2, α3]. The ring structure of Z[ρ] is given by
α21 = −a2 − a1α1 + α2,
α1α2 = −a3 + α3,
α1α3 = −a4,
α22 = −a1a3 − a4 − a3α1 + a2α2 + a1α3,
α2α3 = −a1a4 − a4α1 + a2α3,
α23 = −a4α2 + a3α3.
If we put
A1(v) = −v1v3 + v22,
B1(v) = v
2
1 + a1v1v2 + a2v1v3 + a3v2v3 + a4v
2
3,
(6.3)
then we have Q(A1, B1) = Z[ρ] and F(A1,B1)(u1, 1) = g(−u1). Moreover
λ1113(A1, B1) = 1 implies that (A1, B1) is primitive. Since Q(A,B) =
OK , (A,B) is also primitive. It follows from Proposition 5.6 that
there exist matrices δ1 ∈ M3(Z) and δ2 ∈ M2(Z) such that (A1, B1) =
(δ1, δ
−1
2 ) · (A,B) and | det δ1| = | det δ2| = (OK : Z[ρ])). We put m =
(OK : Z[ρ])) and denote by f and f1 the conductor of R(A,B) and that
ofR(A1, B1), respectively. We put δ
′
2 = diag[1,−1](det δ2)δ−12 diag[1,−1].
Then we have det δ′2 = det δ2 and F(A1,B1)(u) = (δ
′
2F(A,B))(u). It follows
from Proposition 2.3 that R(A1, B1) is a subring of R(A,B) with index
m = | det δ2|. Since f = (Ok : R(A,B)), p|f and p ∤ m, it follows from
Lemma 2.1 that the p-part of f1 equals the p-part of f.
We first assume that p 6= 2 or p = 2 is of type 14 in K. Since
a1 ≡ a3 ≡ 0 (mod p), a2 ≡ −2a (mod p) and a4 ≡ a2 (mod p) for
p 6= 2 and ai ≡ 0 (mod 2) (i = 1, 2, 3, 4) for p = 2, we have
(6.4) b2 ≡ 0 (mod p), b3 ≡ 0 (mod p2).
Moreover we have b1 ≡ b2 ≡ b3 ≡ 0 (mod 4) if p = 2. If we put
F0(u) = pF(A1,B1)(u2, u1/p) = (b3/p
2)u31 − (b2/p)u21u2 + b1u1u22 − pu32,
then F0(u) is an integral binary cubic form by the congruences (6.4).
Let {1, η1, η2} be the Z-basis of R(F0) corresponding to F0. It follows
from Proposition 2.3 that R(A1, B1) = R(F(A1,B1)) is a subring of R(F0)
with Z-basis {1, pη1, η2}. We put g = [p, pη1, η2]. Then it easy to
see that g is an R(F0)-ideal contained in R(A1, B1). Since the index
[R(A1, B1) : g] = p is a prime number, we see that g is the largest
R(F0)-ideal contained in R(A1, B1). Since (Ok : R(F0)) = mf/p is
prime to p and (R(F0) : g) = p
2, it follows from Lemma 2.2 that
gOk is the p-part of f1. Hence the p-part of f is given by fp = gOk.
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Since pR(F0) ⊂ g, we have pOk ⊂ gOk. Since R(F0) = [1, η1, η2] and
(Ok : R(F0)) = mf/p is prime to p, we have η2 /∈ pOk.
If p = 2, then F0(u) ≡ (b3/4)u31 (mod 2). We see that b3/4 is odd
since the index (Ok : R(F0)) = mf/2 is odd. Hence we have
η21 ≡ η2, η22 ≡ 0, η1η2 ≡ 0 (mod 2R(F0)).
If we put p = [2, η1, η2], then p is an ideal of R(F0). It is easy to see
that p2 = [2, 2η1, η2] = g and p
3 = 2R(F0). Hence p˜ = pOk is the
prime ideal of Ok such that 2Ok = p˜3. We have f2 = gOk = p˜2. Since
p˜ ramifies in k6/k and f is a square free even integer, the 2-part of
Disc(k6/k) equals p˜
2 = f2.
We now assume p 6= 2. We denote by ∆33 the (3, 3)-cofactor of
η2A1+B1 and put β = −4∆33. Then we have β = a21−4η2. Since a1 ≡ 0
(mod p), we have β = a21−4η2 ∈ g ⊂ gOk = fp. By Lemma 6.3, we have
k6 = k(
√
β). We denote by dp the p-part of the relative discriminant
Disc(k6/k). We now show dp = fp using β ∈ fp and N(fp) = p2. If p
is of type 12 in k, write pOk = p1p2, N(pi) = pi (i = 1, 2). Since dp
is square free and has norm p2, we have dp = p2. On the other hand,
N(fp) = p
2 implies fp = p2 or fp = p
2
1. Since p ∈ g ⊂ fp, the latter
case is impossible. Hence we have fp = p2 = dp. If p is of type 111
in k, write pOk = p1p2p3. Then we have dp = pi1pi2 for some i1 6= i2.
On the other hand, fp = pj1pj2 for some j1 6= j2 or fp = p2j . The latter
case is impossible as in the previous case. Suppose {j1, j2} 6= {i1, i2}.
Then we have β ∈ dp ∩ fp = pOk. This contradicts η2 /∈ pOk. So we
have dp = fp. If p is of type 11
2 in k, write pOk = p1p22. Then we have
dp = p1p2. On the other hand, fp = p1p2 or fp = p
2
i . Suppose fp = p
2
2.
Then we have β ∈ dp ∩ fp = pOk. This contradicts η2 /∈ pOk. Suppose
fp = p
2
1. This contradicts p ∈ g ⊂ fp. So we have fp = p1p2 = dp. If
p is of type 3 in k, there exists no ideal of Ok having norm p2. If p is
of type 13 in k, there exists no square free ideal of Ok having norm p2.
So we have proved dp = fp for any prime number p|f if p 6= 2 or p = 2
is of type 14 in K.
We next assume p = 2 is of type 1212 or 22 in K. Since a1 ≡ a3 ≡ 0
(mod 2) and a2 ≡ 1 (mod 2), we have b1 ≡ 2 (mod 4), b2 ≡ 1 (mod 4)
and b3 ≡ 0 (mod 4). Hence
g(1) = 1 + b1 + b2 + b3 ≡ 0 (mod 4),
g(−1) = −1 + b1 − b2 + b3 ≡ 0 (mod 4).
Moreover we have
g(1) + g(−1) = 2b1 + 2b3 = 2(−2a2 + a23 − a1a2a3 + a21a4)
≡ −4a2 ≡ 4 (mod 8).
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Hence we can chose ε = ±1 so that g(ε) ≡ 4 (mod 8) and g(−ε) ≡ 0
(mod 8). We put γ2 =
(
ε −1
0 1
)
∈ GL2(Z) and
(A′1, B
′
1) = (13, γ2) · (A1, B1) = (εA1 −B1, B1).
Then we have
F(A′
1
,B′
1
)(u) = F(A1,B1)(εu1, u1 + u2)
= g(−ε)u31 + (b1 − 2b2ε+ 3b3)u21u2 + (−b2ε+ 3b3)u1u22 + b3u32
≡ (−ε)u1u22 (mod 4).
If we write F(A′
1
,B′
1
)(u) = a
′u31 + b
′u21u2 + c
′u1u
2
2 + d
′u32, then a
′ ≡ 0
(mod 8), b′ ≡ d′ ≡ 0 (mod 4) and c′ ≡ 1 (mod 2). We put a0 = a′/4,
b0 = b
′/2, c0 = c
′, d0 = 2d
′ and F0(u) = 2F(A′
1
,B′
1
)(u1/2, u2). Then
F0(u) = a0u
3
1 + b0u
2
1u2 + c0u1u
2
2 + d0u
3
2 is an integral binary cubic form
such that F0(u) ≡ u1u22 (mod 2). Let {1, η1, η2} be the Z-basis of
R(F0) corresponding to F0. Then R(A1, B1) = R(A
′
1, B
′
1) is a subring
of R(F0) with Z-basis {1, 2η1, η2}. The largest R(F0)-ideal contained
in R(A1, B1) is g = [2, 2η1, η2] and f2 = gOk as we saw in the previous
case. Since 2R(F0) ⊂ g, we have 2Ok ⊂ gOk. Since R(F0) = [1, η1, η2]
and (Ok : R(F0)) = mf/2 is odd, we have η2 /∈ 2Ok. We see that
a0 6≡ 0 (mod 4) since the index (Ok : R(F0)) = mf/2 is odd. If we put
p1 = [2, η1, η2 − 1] and p2 = [2, η1, η2], then we see that p1 and p2 are
ideals of R(F0) satisfying
p21 = [4, η1, η2 + c0], p
2
2 = [2, 2η1, η2] = g, p1p
2
2 = R(F0).
Hence p˜i = piOk are the prime ideal of Ok such that 2Ok = p˜1p˜22. We
have f2 = gOk = p˜22. By Lemma 6.5, d2 equals p˜22 = f2.
Hence we have
f =
∏
p|f
fp =
∏
p|f
dp = Disc(k6/k).
Thus we obtain the following proposition.
Proposition 6.6. Let K be a quartic field with Galois group G = S4
and Disc(K) = Disc(k)f 2. If f is square free, then the relative discrim-
inant Disc(k6/k) equals the conductor of the unique cubic resolvent ring
of OK .
6.2. Number of S4-quartic fields. We next study the number of S4-
quartic fields with a fixed cubic resolvent field k. Here k is a non-Galois
cubic field. We summarize some basic facts on quadratic residues over
k by [10, Chapter VIII].
We say that an algebraic integer α ∈ Ok or an integral ideal a of Ok
is odd if α or a is relatively prime to 2. Let p be an odd prime ideal
of Ok and α ∈ Ok be an algebraic integer which is relatively prime
to p. We say that α is a quadratic residue modulo p if there exists an
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element ξ ∈ Ok such that α ≡ ξ2 (mod p), otherwise α is a quadratic
nonresidue modulo p. We define the Legendre symbol
(
α
p
)
by
(
α
p
)
= 1
or −1 according as α is a quadratic residue or nonresidue modulo p.
Further we put
(
α
p
)
= 0 if α ≡ 0 (mod p). If an odd integral ideal n
is written as n = p1 · · · pr where pi’s are prime ideals, then we define(
α
n
)
for any α ∈ Ok by (α
n
)
=
r∏
i=1
(
α
pi
)
.
If n = (ν) is a principal ideal, we simply write
(
α
n
)
=
(
α
ν
)
. For any
α, β ∈ Ok,
(
α
n
)
=
(
β
n
)
if α ≡ β (mod n). Further we have (αβ
n
)
=(
α
n
) (
β
n
)
. We say that α ∈ Ok is primary if there exists an odd element
ξ ∈ Ok such that α ≡ ξ2 (mod 4Ok). We need a lemma on Gauss
sums over the cubic field k. We denote by Dk the different of k/Q. By
definition, D−1k = {η ∈ k | Trk/Q(ηOk) ⊂ Z}. For any λ ∈ k×, we write
λDk = ba−1 with integral ideals a and b which are coprime to each
other. Then the Gauss sum C(λ) is defined by
(6.5) C(λ) =
∑
µ∈Ok/a
exp
(
2πiTrk/Q(µ
2λ)
)
.
Let {1, ω, θ} be a Z-basis of Ok such that the multiplication is given
by (2.1) and put Fk(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2. We may assume
Fk(u) ≡ u1u22 (mod 2) or Fk(u) ≡ u31 (mod 2) if 2 is ramified in k/Q.
Then the ramified prime ideal dividing 2 is given by l1 = [2, ω, θ] and
satisfies l21 = [2, 2ω, θ]. If 2Ok = l21l2 is the prime ideal decomposition,
then l2 = [2, ω, θ + 1].
Lemma 6.7. We assume that 2 is ramified in k/Q. Let {η0, η1, η2} be
the dual basis of {1, ω, θ} and put η = η2 − η1. Let λ ∈ Ok be odd with
λ ≡ 1 (mod l21) and write λ = 1 + 2r + 2sω + tθ, r, s, t ∈ Z. Then
C(−ηλ/4) = 8 (1 + ia+b+2ar−adt) (1 + ic+d+2cr−c2t−cdt)
+ 8i2s−t
(
1− ia+b+2ar−adt) (1− (−1)ctic+d+2cr−c2t−cdt) .
Proof. We write µ = x + yω + zθ, x, y, z ∈ {0, 1, 2, 3}. We have
µ2 ≡ −acy2 + (by2 + dz2)ω − (ay2 + cz2)θ (mod 4Ok) for x = 0, 2,
µ2 ≡ 1− acy2 + (by2 + dz2 + 2y)ω − (ay2 + cz2 − 2z)θ (mod 4Ok) for
x = 1, 3. Hence
µ2λ ≡ −acy2 + [by2 + dz2 − dt(ay2 + cz2)]ω
− [(ay2 + cz2)(1 + 2r − ct) + acty2] θ (mod 4Ok)
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for x = 0, 2, and
µ2λ ≡ 1 + 2r − acy2 + [by2 + dz2 − dt(ay2 + cz2) + 2y + 2s]ω
− [(ay2 + cz2)(1 + 2r − ct) + t(acy2 − 1) + 2ctz − 2z] θ
(mod 4Ok)
for x = 1, 3. Since Trk/Q(η) = 0,Trk/Q(ηω) = −1,Trk/Q(ηθ) = 1,
Trk/Q(−ηµ2λ/4)
≡ 1
4
[
(a+ b+ 2ar − adt)y2 + (c+ d+ 2cr − c2t− cdt)z2] (mod Z)
for x = 0, 2, and
Trk/Q(−ηµ2λ/4)
≡ 1
4
(2s− t) + 1
4
[
(a+ b+ 2ar − adt)y2 + 2y]
+
1
4
[
(c+ d+ 2cr − cdt− c2t)z2 + 2ctz − 2z] (mod Z)
for x = 1, 3. So we obtain
C(−ηλ/4)
= 2
3∑
y=0
e
pii
2
(a+b+2ar−adt)y2
3∑
z=0
e
pii
2
(c+d+2cr−c2t−cdt)z2
+ 2i2s−t
3∑
y=0
(−1)yepii2 (a+b+2ar−adt)y2
3∑
z=0
(−1)ctz−zepii2 (c+d+2cr−c2t−cdt)z2
= 8
(
1 + ia+b+2ar−adt
) (
1 + ic+d+2cr−c
2t−cdt
)
+ 8i2s−t
(
1− ia+b+2ar−adt) (1− (−1)ctic+d+2cr−c2t−cdt) .

Lemma 6.8. Let α, β be two odd elements in Ok which are relatively
prime to each other. We assume that α satisfies one of the following
three conditions (P1), (P2) and (P3):
(P1) α is primary, i.e. α ≡ ξ2 (mod 4Ok) for some ξ ∈ Ok.
(P2) α ≡ ξ2 (mod l41l22) for some ξ ∈ Ok, if 2Ok = l21l2.
(P3) α ≡ ξ2 (mod l41) for some ξ ∈ Ok, if 2Ok = l31.
Further we assume β ≡ 1 (mod l21) if α satisfies the conditions (P2) or
(P3). Then the quadratic reciprocity law
(6.6)
(
α
β
)(
β
α
)
= (−1)ν(α,β)
holds. Here ν(α, β) =
∑r1
j=1(sgnα
(j)−1)/2·(sgnβ(j)−1)/2 and α(j), β(j)
(j = 1, . . . , r1) are real conjugates of α, β.
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Proof. If α is primary, (6.6) is [10, Theorem 165]. We assume that
α satisfies (P2) or (P3) and β ≡ 1 (mod l21). Replacing Fk by γ2Fk for
a suitable γ2 ∈ Γ2, we may assume that Fk(1, 1) is coprime to the odd
integer m = Nk/Q(αβ). We put ξ = −ω/a and ∆ = 3aξ2 + 2bξ + c.
Then {−θ/∆, (b−ω)/∆, a/∆} is the dual basis of {1, ξ, ξ2} with respect
to the trace pairing as we saw in § 4. This implies that the dual basis
{η0, η1, η2} of {1, ω, θ} is given by
η0 = ∆
−1(aξ2 + bξ), η1 = −∆−1ξ, η2 = −∆−1.
Hence we have D−1k = [η0, η1, η2] = ∆−1[1, ξ, aξ2]. It is easy to see that
a = [a, ω − b, θ] is an ideal of Ok satisfying a[1, ξ, aξ2] = Ok. This
proves Dk = ∆a. We put η = η2 − η1 ∈ D−1k and b = ηDk. Then we
have η = −(ω + a)/(a∆) and b = [a + b + c + d, ω + a, θ − d]. Since
N(b) = |a + b + c + d| is odd, b is an odd ideal. Further b is coprime
to αβ since Fk(1, 1) = a+ b+ c+ d is coprime to m. By the equation
(206) in [10] we have
(6.7)
(
β
α
)(
α
β
)
= (−1)ν(α,β) C(−ηα/4)C(−ηβ/4)
C(−η/4)C(−ηαβ/4) .
We compute the four Gauss sums on the right hand side. By assump-
tion, there exits an element ξ ∈ Ok such that α ≡ ξ2 (mod l21l22) if
(2) = l21l2 and α ≡ ξ2 (mod l41) if (2) = l31. We take an element
ξ′ ∈ Ok such that ξ′ξ ≡ 1 (mod 4Ok) and put α1 = ξ′2α. Then we
have C(−ηα/4) = C(−ηα1/4) and C(−ηαβ/4) = C(−ηα1β/4) by a
basic property of Gauss sums.
We first assume (2) = l21l2. Since l2 = [2, ω, θ + 1], l
2
1l
2
2 = 2l2 and
α1 ≡ 1 (mod l21l22), we can write α1 = 1+4r+2sω+2t(θ+1), r, s, t ∈ Z.
Since β ≡ 1 (mod l21) and β ≡ 1 (mod l2), we have β ≡ 1 (mod 2Ok),
hence we can write β = 1+2u+2vω+2wθ, u, v, w ∈ Z. Then we have
α1β ≡ 1 + 2(t+ u) + 2(s+ v)ω + 2(t+ w)θ (mod 4Ok).
By Lemma 6.7, we have
C(−η/4) = 16(1 + ia+b+c+d),
C(−ηα1/4) =
{
16(1 + ia+b+c+d), s ≡ t (mod 2),
16ia+b(1 + ia+b+c+d), s 6≡ t (mod 2),
C(−ηβ/4) =
{
16
(
1 + (−1)u−wia+b+c+d) , v ≡ w (mod 2),
16ia+b
(
1 + (−1)u−wia+b+c+d) , v 6≡ w (mod 2),
and
C(−ηα1β/4)
=
{
16
(
1 + (−1)u−wia+b+c+d) , s+ v ≡ t + w (mod 2),
16ia+b
(
1 + (−1)u−wia+b+c+d) , s+ v 6≡ t + w (mod 2).
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We note that the Gauss sums are nonzero since a + b + c + d is odd.
These equations imply
C(−ηα1/4)
C(−η/4) =
C(−ηα1β/4)
C(−ηβ/4) =
{
1, s ≡ t (mod 2),
ia+b, s 6≡ t (mod 2).
The reciprocity law (6.6) now follows form (6.7) when (2) = l21l2.
We next assume (2) = l31. Since α1 ≡ 1 (mod l41) and l41 = 2l1, we
can write α1 = 1 + 4r + 2sω + 2tθ, r, s, t ∈ Z. Since β ≡ 1 (mod l21),
we can write β = 1 + 2u+ 2vω + wθ, u, v, w ∈ Z. Then we have
α1β ≡ 1 + 2u+ 2(s+ v)ω + (2t+ w)θ (mod 4Ok).
By Lemma 6.7, we have C(−η/4) = 16(1 + ia+b+c+d),
C(−ηα1/4) =
{
16(1 + ia+b+c+d), s ≡ t (mod 2),
16ic+d(1 + ia+b+c+d), s 6≡ t (mod 2).
If w = 2w1 is even, then
C(−ηβ/4) =
{
16
(
1 + (−1)uia+b+c+d) , v ≡ w1 (mod 2),
16ic+d
(
1 + (−1)uia+b+c+d) , v 6≡ w1 (mod 2),
C(−ηα1β/4)
=
{
16
(
1 + (−1)uia+b+c+d) , s+ v ≡ t+ w1 (mod 2),
16ic+d
(
1 + (−1)uia+b+c+d) , s+ v 6≡ t+ w1 (mod 2).
We put ε = (−1)(c+d)/2. If w = 2w1 − 1 is odd, then
C(−ηβ/4)
=
{
8
(
1 + (−1)uia+b+c) [1 + ε+ (1− ε)i] , v ≡ w1 (mod 2),
8
(
1 + (−1)uia+b+c) [1 + ε− (1− ε)i] , v 6≡ w1 (mod 2),
C(−ηα1β/4)
=
{
8
(
1 + (−1)uia+b+c) [1 + ε+ (1− ε)i] , s+ v ≡ t + w1 (mod 2),
8
(
1 + (−1)uia+b+c) [1 + ε− (1− ε)i] , s+ v 6≡ t + w1 (mod 2).
These equations imply
C(−ηα1/4)
C(−η/4) =
C(−ηα1β/4)
C(−ηβ/4) =
{
1, s ≡ t (mod 2),
ic+d, s 6≡ t (mod 2).
The reciprocity law (6.6) now follows form (6.7) when (2) = l31. 
Let K be an S4-quartic field whose cubic resolvent field is k. Let k6
be as in before. We first assume that K is totally real if Disc(K) > 0.
We have N(Disc(k6/k)) = f
2. We assume that f is square free. We
denote by O (⊂ Ok) the unique cubic resolvent ring of OK and f the
conductor of O. By Proposition 6.6, Disc(k6/k) = f. We denote by fodd
the odd part of f. We take an element α ∈ Ok such that k6 = k(
√
α).
Since f is square free, we may assume that α is odd and satisfies one
of the conditions (P1), (P2) and (P3) in Lemma 6.8 by ramification
theory in relative quadratic extensions. Then (α) = fodda
2 for some
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integral ideal a of Ok. We may also assume that a is relatively prime
to 2f. By an elementary argument in Galois theory, Nk/Q(α) is square
of a rational integer. Since α satisfies (P1), (P2), or (P3), we see that
Nk/Q(α) ≡ 1 (mod 4). Then (α) = fodda2 implies Nk/Q(α) = f 2N(a)2.
Hence α is totally positive if Disc(K) < 0. If Disc(K) > 0, then K is
totally real by assumption, hence α is totally positive.
By class field theory, the quadratic extension k6/k corresponds to a
subgroup H of Ik(f) such that H ⊃ Pk,1(f) and (Ik(f) : H) = 2. We
denote by χ the unique nontrivial character of Ik(f) such that kerχ =
H . If q is a prime ideal of Ok not dividing f, then χ(q) = 1 if and only if
q splits in k6/k. Further if q is odd and q ∤ (α), then χ(q) =
(
α
q
)
. Hence
we have χ(b) =
(
α
b
)
for any odd integral ideal b which is relatively
prime to (α). We write simply χ((γ)) = χ(γ) for (γ) ∈ Pk(f). We
now show that H contains P˜OIk(f)
2, where P˜O is defined by (3.4). Any
element of P˜OIk(f)
2 is written as (β)c2, where β ∈ O is relatively prime
to f and c ∈ Ik(f). Then we have χ((β)c2) = χ(β). We first assume
that β is odd and relatively prime to (α). By Proposition 2.4, we have
O = Z + f, hence β ≡ b (mod f) for some b ∈ Z. Since α is totally
positive, the reciprocity law (6.6) implies
(6.8) χ(β) =
(
α
β
)
=
(
β
α
)
=
(
β
fodda2
)
=
(
β
fodd
)
=
(
b
fodd
)
.
Let p 6= 2 be a prime divisor of f and denote by fp the p-part of f.
Since p|f , p is neither of type 3 nor 13. If p is of type 111 or 112 in k,
fp = p1p2, p1 6= p2 and N(p1) = N(p2) = p. Then we have(
b
fp
)
=
(
b
p1
)(
b
p2
)
=
(
b
p
)2
= 1.
If p is of type 12, we write (p) = p1p2, N(pi) = p
i (i = 1, 2). Then
fp = p2. Since (Ok/p2)× ∼= F×p2 is a cyclic group of order p2 − 1, b ∈ Z
is a quadratic residue modulo p2. Therefore
(
b
fp
)
=
(
b
p2
)
= 1. So we
have proved
(
b
fp
)
= 1 for all p|f , p 6= 2. Hence χ(β) =
(
b
fodd
)
= 1.
We next assume that β is odd but is not relatively prime to (α). We
take an odd integral ideal a1 which belongs to the same ideal class of
a and is relatively prime to (β). Then a1 = λa for some λ ∈ k×. If
we put α1 = αλ
2, then (α1) = fodda
2
1, hence α1 ∈ Ok and α1 is odd.
Since k6 = k(
√
α1), α1 satisfies the same condition as α. Since β is odd
and relatively prime to fodda
2
1 = (α1), we have χ(β) =
(
α1
β
)
= 1 by
the result of the first case. We finally assume that β is not odd. We
take an odd integral ideal b which belongs to the same ray ideal class
of (β) in Clk(f). Then (β) = (λ1/λ2)b for some λ1, λ2 ∈ Ok which are
relatively prime to f and λ1 ≡ λ2 (mod f). If put ξ = βλ2/λ1, then
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(ξ) = b, hence ξ ∈ Ok is odd and relatively prime to f. We have
λ1(ξ − β) = β(λ2 − λ1) ≡ 0 (mod f).
Since λ1 is relatively prime to f, we have ξ − β ∈ f, hence ξ ∈ f+O =
O. So we have χ(ξ) = 1 by the results of the second case. Since
(λ1/λ2) ∈ Pk,1(f) and Pk,1(f) ⊂ kerχ by class field theory, we have
χ(β) = χ(ξ)χ(λ1/λ2) = 1. Thus we have shown that H contains
P˜OIk(f)
2.
Conversely, given a subgroup H of Ik(f) such that (Ik(f) : H) = 2 and
H ⊃ P˜OIk(f)2, let k(
√
α) be the quadratic extension of k corresponding
to H by class field theory. Here α is a totally positive element of
k× r (k×)2. Let χ be the character of Ik(f) such that kerχ = H . We
denote by g the conductor of H . Since g|f, we may assume that α ∈ Ok
is odd and satisfies one of (P1), (P2) and (P3). Hence (α) = godda
2 for
some odd integral ideal a. Multiplying α by square of an appropriate
element, we may assume that a is relatively prime to 2f . For any prime
number p, we denote by gp the p-part of g. We show that gp equals
fp or (1) for all p|f . Suppose this is not the case. Then there exists
a prime divisor p of f and a prime ideal p such that p|f , N(p) = p
and gp = p. If p = 2, then we must have p
2|g = Disc(k(√α)/k), this
contradicts gp = p. Hence p 6= 2. We take a rational integer bp which is
a quadratic nonresidue modulo p. For each prime number l|f , l 6= 2, p,
we take a rational integer bl which is a quadratic residue modulo l. By
Chinese remainder theorem, we can take a positive rational integer b
such that b ≡ bp (mod p), b ≡ bl (mod l) for all l|f (l 6= 2, p) and b ≡ 1
(mod 2N(a)). Let q be an odd prime ideal which belongs to the ray
class of (b) in Clk(f) and is relatively prime to α. Then q = (b)(ξ) for
some (ξ) ∈ Pk,1(f). Since Pk,1(f) ⊂ kerχ = H , we have χ(q) = χ(b).
The reciprocity law (6.6) implies χ(b) =
(
α
b
)
=
(
b
α
)
=
(
b
godd
)
. Since(
b
gp
)
=
(
b
p
)
= −1 and
(
b
gl
)
= 1 for l|f (l 6= 2, p), we have
(
b
godd
)
= −1.
So we have χ(q) = −1, hence q remains prime in k(√α)/k. This
contradicts the fact that q ∈ (b)Pk,1(f) ⊂ P˜OIk(f)2 ⊂ H . Therefore we
have shown that gp equals fp or (1) for all p|f . Hence N(g) = g2, g|f
and Nk/Q(α) = ±g2N(a)2. We have Nk/Q(α) ≡ 1 (mod 4) as we have
seen before. Hence Nk/Q(α) = g
2N(a)2. This implies that k(
√
α) can
not be obtained by adjoining square root of a rational integer. So there
exists an S4-quartic field K such that k(
√
α) is the sextic filed k6 for
K. Then Disc(k6/k) = g and Disc(K) = Disc(k)g
2. By Proposition
6.6, the conductor of the unique cubic resolvent ring of OK is g. By
(3.5), we have ClO /Cl
2
O
∼= Ik(f)/P˜OIk(f)2. Hence the number of such
subgroups H is equal to |ClO /Cl2O | − 1 = |Cl(2)O | − 1. Thus we have
proved the former half of the following proposition. The latter half is
proved similarly.
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Proposition 6.9. Let k be a non-Galois cubic field and O be an order
of k such that the index f = (Ok : O) is square free. We denote by f
the conductor of O. For each divisor g of f , we put g = ∏p|g fp and
Rg = Z + g. We denote by Kk(g) the set of isomorphism classes of
quartic fields K satisfying the following conditions:
(a) The normal closure K˜ of K over Q has Galois group S4 and
contains k.
(b) The unique cubic resolvent ring of the maximal order OK is
isomorphic to Rg.
(c) K is totally real if Disc(k) > 0.
Then we have ∑
g|f
|Kk(g)| = |Cl(2)O | − 1.
If Disc(k) > 0, we denote by Kk(gf∞) the set of isomorphism classes of
quartic fields K satisfying the conditions (a) and (b) above. Then we
have ∑
g|f
|Kk(gf∞)| = |Cl(2)O,+ | − 1.
6.3. Number of quartic rings with a fixed cubic resolvent ring.
Let k, O, f and f be as in Proposition 6.9. We study the number of
quartic rings whose cubic resolvent rings are isomorphic to O.
Let K be an S4-quartic field. We assume that an order Q of K has a
cubic resolvent ring isomorphic to O. Let k6 be the non-Galois sextic
subfield of the Galois closure K˜ as before. We denote by RK ⊂ Ok the
unique cubic resolvent ring of OK . If R ⊂ Ok is a cubic resolvent ring
of Q, then obviously R ⊂ RK . Since k is a non-Galois cubic field and
R is isomorphic to O, we have O = R ⊂ RK ⊂ Ok. Since Disc(Q) =
Disc(R) and Disc(OK) = Disc(RK), we have (RK : O) = (OK : Q). We
put g = (Ok : RK) and h = (RK : O). Then f = (Ok : O) = gh. We
denote by g the conductor of RK . By Lemma 2.1, g|f. We write f = gh.
Since f is square free, it follows from Proposition 2.4 that O = Z + f
and N(f) = f 2. Similarly we have RK = Z+ g and N(g) = g
2. Since f
is square free, g and h are also square free and relatively prime to each
other. In particular, Q is primitive, hence R = O is the unique cubic
resolvent ring of Q. We now study the number of such quartic rings Q.
We denote by aK(h) the number of quartic rings Q with index h
in OK such that the unique cubic resolvent ring of Q has conductor
f = gh. We have g =
∏
p|g fp and h =
∏
p|h fp. For any order R of k, we
denote by fR the conductor of R.
Lemma 6.10. aK(h) =
∏
p|h aK(fp).
Proof. We write h = p1 · · · pt, where pi’s are distinct prime numbers.
Let Q be a quartic ring with index h in OK such that the unique cubic
resolvent ring of Q has conductor gh = f, Since h is square free, there
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exists a Z-basis {1, α1, α2, α3} of OK such that {1, α1, α2, hα3} is a Z-
basis of Q by a theorem of elementary divisors. We put Qi = Q+piOK
(i = 1, . . . , t). Then Qi = [1, α1, α2, piα3], hence Qi is a quartic ring
with index pi in OK . Since Q ⊂ Q1 ∩ · · · ∩ Qt and both of Q and
Q1∩· · ·∩Qt have index h in OK , we have Q = Q1∩· · ·∩Qt. Conversely,
let Qi be quartic rings with index pi in OK for i = 1, . . . , t. We put
Q = Q1 ∩ · · · ∩Qt. Then Q is a quartic ring with index h in OK . Since
Q+ piOK ⊂ Qi and both of Q+ piOK and Qi have index pi in OK , we
have Q+ piOK = Qi. So the correspondence Q 7→ (Q1, . . . , Qt) defines
a bijection between the set of quartic rings Q with index h in OK and
the set of t-tuples (Q1, . . . , Qt), where Qi’s are quartic rings with index
pi in OK . We denote by RK , R and Ri the unique cubic resolvent
rings of OK , Q and Qi, respectively. Then we have R ⊂ Ri ⊂ RK
(RK : R) = (OK : Q) = h and (RK : Ri) = (OK : Qi) = pi. Hence we
have (Ri : R) = (Qi : Q) = h/pi. Since (Ok : Ri) = pig is square free,
we have N(fRi) = p
2
i g
2 by Proposition 2.4. Since pi ∤ (Ri : R), Lemma
2.1 implies that the p-part of fRi equals the p-part of fR. The desired
formula for aK(h) now follows from the bijection Q 7→ (Q1, . . . , Qt). 
Lemma 6.11. Let F be an e´tale algebra of degree n over Q and p be a
prime number. If {1, e1, . . . , en−1} is a basis of OF/pOF over Fp, then
there exists a Z-basis {1, α1, . . . , αn−1} of OF and a positive rational
integer λ with p ∤ λ such that π(αi) = ei for 1 ≤ i < n−1 and π(αn−1) =
λen−1, where π : OF → OF/pOF is the natural homomorphism. In
particular, when n = 3 or 4, if {1, e1, . . . , en−1} is normalized, then we
can chose αi’s so that {1, α1, . . . , αn−1} is also normalized.
Proof. We take any Z-basis {1, β1, . . . , βn−1} of OF . Translating
βi’s by the appropriate elements of Z, we have
t(ei) = h¯
t(π(βi)) for
some h¯ ∈ GLn−1(Fp). We take a positive rational integer λ such that
λ¯ = λ mod p = (det h¯)−1 and put g¯ = diag[1, . . . , 1, λ¯] h¯. Then we
have g¯ ∈ SLn−1(Fp). Since the natural homomorphism SLn−1(Z) →
SLn−1(Fp) is surjective, there exists an element g ∈ SLn−1(Z) such that
g mod p = g¯. If we put t(αi) = g
t(βi), then {1, α1, . . . , αn−1} is a
desired Z-basis of OF . We assume that n = 3 or 4 and {1, e1, . . . , en−1}
is normalized. Translating αi’s by the appropriate elements of pZ, the
second statement follows. 
By Proposition 6.6, the relative discriminant Disc(k6/k) equals the
conductor g of RK . We denote by H = HK the subgroup of Ik(g)
corresponding to the quadratic extension k6/k by class field theory
and χ = χK the character of Ik(g) such that kerχ = H .
Proposition 6.12. aK(fp) = 1 + χ(fp) for p|h.
Proof. Let π : OK → OK/pOK be the natural homomorphism.
Case 1. p is of type 1111 in K. We have a ring isomorphism
ϕ : OK/pOK ∼= F4p. We put e0 = (1, 1, 1, 1), e1 = (0, 1, 0, 0), e2 =
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(0, 0, 1, 0), e3 = (0, 0, 0, 1). Then {ei} is a normalized basis of F4p. By
Lemma 6.11, there exists a normalized Z-basis {αi} of OK and a pos-
itive integer λ with p ∤ λ such that ϕ(π(αi)) = ei (i = 0, 1, 2) and
ϕ(π(α3)) = λe3. We take a pair of integral ternary quadratic forms
(A,B) such that Q(A,B) = OK and the multiplication of OK is given
by (5.5). Since e2i = ei (1 ≤ i ≤ 3) and eiej = 0 (1 ≤ i < j ≤ 3),
almost all of the fifteen SL2-invariants λ
ij
kℓ = λ
ij
kℓ(A,B) are congruent
to 0 modulo p except that λ1213 ≡ −1, λ1223 ≡ 1 and λ1323 ≡ −λ (mod p).
Since λ1213 ≡ −1 (mod p), we can take an element γ2 ∈ SL2(Z) such
that γ2 ≡
(
b12 −a12
−b13 a13
)
(mod p). Then we have
b12A(v)− a12B(v) =
∑
i≤j
λij12vivj ≡ v1v3 − v2v3 (mod p),
−b13A(v) + a13B(v) =
∑
i≤j
λ13ij vivj ≡ v1v2 − λv2v3 (mod p).
Replacing (A,B) by (13, γ2) · (A,B), we may assume that
(6.9) A(v) ≡ v1v3−v2v3 (mod p), B(v) ≡ v1v2−λv2v3 (mod p).
Then we have
F(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2 ≡ u1u2(u1 − λu2) (mod p).
Hence a ≡ d ≡ 0, b ≡ 1 and c ≡ −λ (mod p). Since the ring structure
of RK = R(A,B) = [1, ω, θ] is given by (2.1), we have
(6.10) ω2 ≡ ω, θ2 ≡ λθ, ωθ ≡ 0 (mod pRK).
We put p1 = [p, ω, θ−λ], p2 = [p, ω−1, θ] and p3 = [p, ω, θ]. It is easy to
see that pi’s are RK-ideals such that p2p3 = [p, pω, θ], p1p3 = [p, ω, pθ],
p1p2 = [p, pω, θ + λ(ω − 1)] and p1p2p3 = pRK . If we put p˜i = piOk,
then pOk = p˜1p˜2p˜3. There exist exactly three cubic rings contained in
RK with index p in RK , namely
R1 = [1, pω, θ], R2 = [1, ω, pθ], R3 = [1, pω, θ + λ(ω − 1)].
Hence fi =
∏
j 6=i pj is the largest RK-ideal contained in Ri for i = 1, 2, 3.
By Lemma 2.2, the p-part of the conductor of Ri equals f˜i =
∏
j 6=i p˜j .
On the other hand, for each 1 ≤ i < j ≤ 4, we put
Bij = {(b1, b2, b3, b4) ∈ F4p | bi = bj}.
Then it is easy to see that the six subrings Bij’s are the index p subrings
of F4p with unity. Then (ϕ◦π)−1(Bij)’s are the quartic rings with index
p in OK . They are given by
Q1 = [1, α1, pα2, α3], Q2 = [1, pα1, α2, α3 + λα1],
Q3 = [1, α1, α2, pα3], Q4 = [1, pα1, α2 + α1, α3],
Q5 = [1, pα1, α2, α3], Q6 = [1, α1, pα2, α3 + λα2].
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We now compute the cubic resolvent rings of Qi’s. We put δ11 =
diag[1, p, 1], δ12 = diag[1, p], δ1 = (δ11, δ
−1
12 ) and (A1, B1) = δ1 · (A,B).
Then we have A1(v) = A(v1, pv2, v3) and
B1(v) = b12v1v2 + pb22v
2
2 + b23v2v3 + p
−1(b11v
2
1 + b13v1v3 + b33v
2
3).
It follows from (6.9) that (A1, B1) is integral. We have Q(A1, B1) = Q1
and F(A1,B1)(u) = p
−1F(A,B)(pu1, u2) = (δ
′
12 · F(A,B))(u), where δ′12 =
diag[p, 1]. By Proposition 2.3, R(A1, B1) = [1, pω, θ] = R1.
We put δ21 =
 p 0 00 1 0
λ 0 1
, δ2 = (δ21, δ−112 ) and (A2, B2) = δ2·(A,B).
Then we have A2(v) = A(pv1 + λv3, v2, v3) and
B2(v) = pb11v
2
1 + b12v1v2 + (2b11λ+ b13)v1v3
+ p−1
[
b22v
2
2 + (b12λ+ b23)v2v3 + (b11λ
2 + b13λ+ b33)v
2
3
]
.
It follows from (6.9) that (A2, B2) is integral. We have Q(A2, B2) = Q2
and F(A2,B2)(u) = F(A1,B1)(u), hence R(A2, B2) = R1.
We put δ31 = diag[1, 1, p], δ32 = diag[p, 1], δ3 = (δ31, δ
−1
32 ) and
(A3, B3) = δ3 · (A,B). Then we have B3(v) = B(v1, v2, pv3) and
A3(v) = a13v1v3 + a23v2v3 + pa33v
2
3 + p
−1(a11v
2
1 + a12v1v2 + a22v
2
2).
It follows from (6.9) that (A3, B3) is integral. We have Q(A3, B3) = Q3
and F(A3,B3)(u) = p
−1F(A,B)(u1, pu2) = (δ
′
32 · F(A,B))(u), where δ′32 =
diag[1, p]. By Proposition 2.3, R(A3, B3) = [1, ω, pθ] = R2.
We put δ41 =
 p 0 01 1 0
0 0 1
, δ4 = (δ41, δ−132 ) and (A4, B4) = δ4·(A,B).
Then we have B4(v) = B(pv1 + v2, v2, v3) and
A4(v) = pa11v
2
1 + (2a11 + a12)v1v2 + a13)v1v3
+ p−1
[
(a11 + a12 + a22)v
2
2 + (a13 + a23)v2v3 + a33v
2
3
]
.
It follows from (6.9) that (A4, B4) is integral. We have Q(A4, B4) = Q4
and F(A4,B4)(u) = F(A3,B3)(u), hence R(A4, B4) = R2.
We take a rational integer λ′ such that λλ′ ≡ 1 (mod p). We put
δ51 = diag[p, 1, 1], δ52 =
(
p λ′
0 1
)
, δ5 = (δ51, δ
−1
52 ) and (A5, B5) =
δ5 · (A,B). Then we have B5(v) = B(pv1, v2, v3) and
A5(v) = p(a11 − b11λ′)v21 + (a12 − b12λ′)v1v2 + (a13 − b13λ′)v1v3
+ p−1
[
(a22 − b22λ′)v22 + (a23 − b23λ′)v2v3 + (a33 − b33λ′)v23
]
.
It follows from (6.9) and λλ′ ≡ 1 (mod p) that (A5, B5) is integral. We
have Q(A5, B5) = Q5 and
F(A5,B5)(u) = p
−1F(A,B)(u1, λ
′u1 + pu2) = (δ
′
52 · F(A,B))(u),
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where δ′52 =
(
1 λ′
0 p
)
. Since
(
p 0
λ 1
)
(δ′52)
−1 ∈ SL2(Z), Proposition
2.3 implies R(A5, B5) = [1, ω + λ
′θ, pθ] = [1, pω, θ + λω] = R3.
We put δ61 =
 1 0 00 p 0
0 λ 1
, δ6 = (δ61, δ−152 ) and (A6, B6) = δ6·(A,B).
Then we have B6(v) = B(v1, pv2 + λv3, v3) and
A6(v) = (a12 − b12λ′)v1v2 + p(a22 − b22λ′)v22
+ (2a22λ+ a23 − 2b22λλ′ − b23λ′)v2v3
+ p−1
[
(a11 − b11λ′)v21 + (a12λ+ a13 − b12λλ′ − b13λ′)v1v3
]
+ p−1
[
(a22λ
2 + a23λ+ a33)− λ′(b22λ2 + b23λ + b33)
]
v23.
It follows from (6.9) and λλ′ ≡ 1 (mod p) that (A6, B6) is integral. We
have Q(A6, B6) = Q6 and F(A6,B6)(u) = F(A5,B5)(u), hence R(A6, B6) =
R3. The only ideals fp such that pOk ⊂ fp and N(fp) = p2 are f˜1, f˜2 and
f˜3 which are the p-part of the conductors of R1, R2 and R3, respectively.
Since p˜i’s split in k6/k, we have χ(p˜i) = 1. So we have proved that
aK (˜fi) = 2 = 1 + χ(˜fi) for i = 1, 2, 3.
Case 2. p is of type 22 in K. We have a ring isomorphism ϕ :
OK/pOK ∼= Fp2 ⊕ Fp2. We write Fp2 = Fp(ξ). Let x2 + r¯x + s¯ be
the minimal polynomial of ξ over Fp, where r, s ∈ Z, r¯ = r mod p
and s¯ = s mod p. We put e0 = (1, 1), e1 = (ξ, 0), e2 = (0, 1) and
e3 = (0, ξ). Then {ei} is a normalized basis of Fp2 ⊕ Fp2. By Lemma
6.11, there exists a normalized Z-basis {αi} ofOK and a positive integer
λ with p ∤ λ such that ϕ(π(αi)) = ei (i = 0, 1, 2) and ϕ(π(α3)) = λe3.
We take a pair of integral ternary quadratic forms (A,B) such that
Q(A,B) = OK and the multiplication of OK is given by (5.5). Since
e21 = −se0 − re1 + se2, e1e2 = e1e3 = 0, e22 = e2, e2e3 = e3 and
e23 = −se2 − re3, we have λ1113 ≡ s, λ1213 ≡ r, λ1322 ≡ −1, λ1323 ≡ rλ,
λ1333 ≡ −sλ2 (mod p) and remaining ten λijkℓ’s are congruent to 0 modulo
p. Since λ1322 ≡ −1 (mod p), we can take an element γ2 ∈ SL2(Z) such
that γ2 ≡
(
b13 −a13
−b22 a22
)
(mod p). Then we have
b13A(v)− a13B(v) =
∑
i≤j
λij13vivj
≡ sv21 + rv1v2 + v22 − rλv2v3 + sλ2v23 (mod p),
−b22A(v) + a22B(v) =
∑
i≤j
λ22ij vivj ≡ v1v3 (mod p).
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We put γ′2 =
(
1 −2sλ
0 1
)
∈ SL2(Z). Replacing (A,B) by (13, γ′2γ2) ·
(A,B), we may assume that
A(v) ≡ sv21 + rv1v2 − 2sλv1v3
+ v22 − rλv2v3 + sλ2v23 (mod p),
B(v) ≡ v1v3 (mod p).
(6.11)
Then F(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2 satisfies
F(A,B)(u) ≡ u1u2
[
λ(r2 − 4s)u1 − u2
]
(mod p).
Hence a ≡ d ≡ 0, b ≡ λ(r2 − 4s) and c ≡ −1 (mod p). Since the ring
structure of RK = R(A,B) = [1, ω, θ] is given by (2.1), we have
(6.12) ω2 ≡ λ(r2 − 4s)ω, θ2 ≡ θ, ωθ ≡ 0 (mod pRK).
We put p1 = [p, ω, θ − 1], p2 = [p, ω − λ(r2 − 4s), θ] and p3 = [p, ω, θ].
It is easy to see that pi’s are RK-ideals such that p2p3 = [p, pω, θ],
p1p3 = [p, ω, pθ], p1p2 = [p, ω − λ(r2 − 4s), pθ] and p1p2p3 = pRK . If
we put p˜i = piOk, then pOk = p˜1p˜2p˜3. There exist exactly three cubic
rings contained in RK with index p in RK , namely
R1 = [1, pω, θ], R2 = [1, ω, pθ], R3 = [1, ω − λ(r2 − 4s), pθ].
Hence fi =
∏
j 6=i pj is the largest RK-ideal contained in Ri for i = 1, 2, 3.
By Lemma 2.2, the p-part of the conductor of Ri equals f˜i =
∏
j 6=i p˜j .
On the other hand, it is easy to see that there exist exactly two index
p subrings of Fp2 ⊕ Fp2 with unity, namely B1 = Fp ⊕ Fp2 and B2 =
Fp2 ⊕ Fp. Then (ϕ ◦ π)−1(Bi)’s are the quartic rings with index p in
OK . They are given by
Q1 = [1, pα1, α2, α3], Q2 = [1, α1, α2, pα3].
We now compute the cubic resolvent rings of Qi’s. We put δ11 =
diag[p, 1, 1], δ12 = diag[1, p], δ1 = (δ11, δ
−1
12 ) and (A1, B1) = δ1 · (A,B).
Then we have A1(v) = A(pv1, v2, v3) and
B1(v) = pb11v
2
1 + b12v1v2 + b13v1v3 + p
−1(b22v
2
2 + b23v2v3 + b33v
2
3).
It follows from (6.11) that (A1, B1) is integral. We have Q(A1, B1) = Q1
and F(A1,B1)(u) = p
−1F(A,B)(pu1, u2) = (δ
′
12 · F(A,B))(u), where δ′12 =
diag[p, 1]. By Proposition 2.3, R(A1, B1) = [1, pω, θ] = R1.
We put δ21 = diag[1, 1, p], δ2 = (δ21, δ
−1
12 ) and (A2, B2) = δ2 · (A,B).
Then we have A2(v) = A(v1, v2, pv3) and
B2(v) = p
−1(b11v
2
1 + b12v1v2 + b22v
2
2) + b13v1v3 + b23v2v3 + pb33v
2
3 .
It follows from (6.11) that (A2, B2) is integral. We have Q(A2, B2) = Q2
and F(A2,B2)(u) = F(A1,B1)(u), hence R(A2, B2) = R1. The only ideals
fp such that pOk ⊂ fp and N(fp) = p2 are f˜1, f˜2 and f˜3 which are the
p-part of the conductors of R1, R2 and R3, respectively. So we have
aK (˜f1) = 2 and aK (˜f2) = aK (˜f3) = 0.
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We denote by ∆ij and ∆
′
ij the (i, j)-cofactors of ωA+aB and dA−θB,
respectively. Then it follows from (6.11) and p|d that
−4∆33 ≡ (r2 − 4s)ω2 (mod pOk), −4∆′22 ≡ θ2 (mod pOk).
By Lemma 6.3, k6 = k(
√−4∆33 ) = k(
√−4∆′22 ). Since ω ≡ λ(r2−4s)
(mod p˜2) and θ ≡ 1 (mod p˜1), we have χ(p˜2) =
(
−4∆33
p˜2
)
=
(
r2−4s
p
)
=
−1 and χ(p˜1) =
(
−4∆′22
p˜1
)
= 1 if p 6= 2. If p = 2, then it follows from
(6.11), 2|a and 2|d that
−4∆33 ≡ −3ω2 (mod 8Ok), −4∆′22 ≡ θ2 (mod 8Ok).
Since ω ≡ 1 (mod p˜2) and θ ≡ 1 (mod p˜1), we have χ(p˜2) = −1 and
χ(p˜1) = 1. Hence p˜2 remains prime, while p˜1 splits in k6/k. By Table
1, p˜3 remains prime in k6/k. So we have
1 + χ(˜f1) = 1 + χ(p˜2p˜3) = 1 + (−1)(−1) = 2 = aK (˜f1),
1 + χ(˜f2) = 1 + χ(p˜1p˜3) = 1 + 1(−1) = 0 = aK (˜f2),
1 + χ(˜f3) = 1 + χ(p˜1p˜2) = 1 + 1(−1) = 0 = aK (˜f3).
Case 3. p is of type 112 in K. We have a ring isomorphism ϕ :
OK/pOK ∼= Fp ⊕ Fp ⊕ Fp2. Let ξ, r and s be as in Case 2. We put
e0 = (1, 1, 1), e1 = (0, 1, 0), e2 = (0, 0, 1) and e3 = (0, 0, ξ). Then {ei}
is a normalized basis of Fp ⊕ Fp ⊕ Fp2. By Lemma 6.11, there exists a
normalized Z-basis {αi} of OK and a positive integer λ with p ∤ λ such
that ϕ(π(αi)) = ei (i = 0, 1, 2) and ϕ(π(α3)) = λe3. We take a pair
of integral ternary quadratic forms (A,B) such that Q(A,B) = OK
and the multiplication of OK is given by (5.5). Since e21 = e1, e1e2 =
e1e3 = 0, e
2
2 = e2, e2e3 = e3 and e
2
3 = −se2 − re3, we have λ1213 ≡ −1,
λ1322 ≡ −1, λ1323 ≡ rλ, λ1333 ≡ −sλ2 (mod p) and remaining eleven λijkℓ’s
are congruent to 0 modulo p. Since λ1213 ≡ −1 (mod p), we can take an
element γ2 ∈ SL2(Z) such that γ2 ≡
(
b13 −a13
b12 −a12
)
(mod p). Then
we have
b13A(v)− a13B(v) =
∑
i≤j
λij13vivj
≡ −v1v2 + v22 − rλv2v3 + sλ2v23 (mod p),
b12A(v)− a12B(v) =
∑
i≤j
λij12vivj ≡ v1v3 (mod p).
Replacing (A,B) by (13, γ2) · (A,B), we may assume that
A(v) ≡ −v1v2 + v22 − rλv2v3 + sλ2v23 (mod p),
B(v) ≡ v1v3 (mod p).
(6.13)
Then F(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2 satisfies
F(A,B)(u) ≡ −u1(sλ2u21 + rλu1u2 + u22) (mod p).
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Hence a ≡ −sλ2, b ≡ −rλ, c ≡ −1 and d ≡ 0 (mod p). Since the ring
structure of RK = R(A,B) = [1, ω, θ] is given by (2.1), we have
(6.14) ω2 ≡ −sλ2 − rλω + sλ2θ, θ2 ≡ θ, ωθ ≡ 0 (mod pRK).
We put p1 = [p, ω, θ − 1] and p2 = [p, pω, θ]. It is easy to see that p1
and p2 are RK-ideals such that p1p2 = pRK . If we put p˜i = piOk, then
pOk = p˜1p˜2. There exists exactly one cubic ring contained in RK with
index p in RK , namely R1 = [1, pω, θ] = Z+ p2. Hence p2 is the largest
RK-ideal contained in R1. By Lemma 2.2, the p-part of the conductor
of R1 equals p˜2. On the other hand, it is easy to see that there exist
exactly two index p subrings of Fp ⊕ Fp ⊕ Fp2 with unity, namely
B1 = {(b1, b1, b3 + b4ξ) | b1, b3, b4 ∈ Fp}, B2 = Fp ⊕ Fp ⊕ Fp.
Then (ϕ ◦ π)−1(Bi)’s are the quartic rings with index p in OK . They
are given by
Q1 = [1, pα1, α2, α3], Q2 = [1, α1, α2, pα3].
We now compute the cubic resolvent rings of Qi’s. We put δ11 =
diag[p, 1, 1], δ12 = diag[1, p], δ1 = (δ11, δ
−1
12 ) and (A1, B1) = δ1 · (A,B).
Then we have A1(v) = A(pv1, v2, v3) and
B1(v) = pb11v
2
1 + b12v1v2 + b13v1v3 + p
−1(b22v
2
2 + b23v2v3 + b33v
2
3).
It follows from (6.13) that (A1, B1) is integral. We have Q(A1, B1) = Q1
and F(A1,B1)(u) = p
−1F(A,B)(pu1, u2) = (δ
′
12 · F(A,B))(u), where δ′12 =
diag[p, 1]. By Proposition 2.3, R(A1, B1) = [1, pω, θ] = R1.
We put δ21 = diag[1, 1, p], δ2 = (δ21, δ
−1
12 ) and (A2, B2) = δ2 · (A,B).
Then we have A2(v) = A(v1, v2, pv3) and
B2(v) = p
−1(b11v
2
1 + b12v1v2 + b22v
2
2) + b13v1v3 + b23v2v3 + pb33v
2
3 .
It follows from (6.13) that (A2, B2) is integral. We have Q(A2, B2) = Q2
and F(A2,B2)(u) = F(A1,B1)(u), hence R(A2, B2) = R1. The p-part of the
conductor of R1 is p˜2, which is the only ideal fp such that pOk ⊂ fp and
N(fp) = p
2. So we have aK(p˜2) = 2. On the other hand, both of p˜1 and
p˜2 split in k6/k by Table 1. Hence we have 1 + χ(p˜2) = 2 = aK(p˜2).
Case 4. p is of type 1112 in K. We put S = Fp[x]/(x
2) and ε =
x mod x2 ∈ S. We have a ring isomorphism ϕ : OK/pOK ∼= Fp⊕Fp⊕S.
We put e0 = (1, 1, 1), e1 = (0, 1, 0), e2 = (0, 0, 1) and e3 = (0, 0, ε).
Then {ei} is a normalized basis of Fp ⊕ Fp ⊕ S. By Lemma 6.11,
there exists a normalized Z-basis {αi} of OK and a positive integer λ
with p ∤ λ such that ϕ(π(αi)) = ei (i = 0, 1, 2) and ϕ(π(α3)) = λe3.
We take a pair of integral ternary quadratic forms (A,B) such that
Q(A,B) = OK and the multiplication of OK is given by (5.5). Since
e21 = e1, e1e2 = e1e3 = 0, e
2
2 = e2, e2e3 = e3 and e
2
3 = 0, we have
λ1213 ≡ λ1322 ≡ −1 (mod p), and remaining thirteen λijkℓ’s are congruent
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to 0 modulo p. Since λ1213 ≡ −1 (mod p), we can take an element
γ2 ∈ SL2(Z) such that γ2 ≡
( −b12 a12
b13 −a13
)
(mod p). Then we have
−b12A(v) + a12B(v) =
∑
i≤j
λ12ij vivj ≡ −v1v3 (mod p),
b13A(v)− a13B(v) =
∑
i≤j
λij13vivj ≡ −v1v2 + v22 (mod p).
Replacing (A,B) by (13, γ2) · (A,B), we may assume that
(6.15) A(v) ≡ −v1v3 (mod p), B(v) ≡ −v1v2 + v22 (mod p).
Then F(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2 satisfies
F(A,B)(u) ≡ u21u2 (mod p).
Hence a ≡ c ≡ d ≡ 0 and b ≡ 1 (mod p). Since the ring structure of
RK = R(A,B) = [1, ω, θ] is given by (2.1), we have
(6.16) ω2 ≡ ω, θ2 ≡ 0, ωθ ≡ 0 (mod pRK).
We put p1 = [p, ω, θ] and p2 = [p, ω − 1, θ]. Suppose p2|d. Then
R0 = [1, ω, θ/p] becomes a cubic ring such that RK ⊂ R0 ⊂ Ok. Since
p ∤ g = (Ok : RK), this is a contradiction. Hence p2 ∤ d. Now it is
easy to see that p1 and p2 are RK-ideals such that p
2
1 = [p, ω, pθ] and
p21p2 = pRK . If we put p˜i = piOk, then pOk = p˜21p˜2. There exist
exactly two cubic rings contained in RK with index p in RK , namely
R1 = [1, pω, θ] and R2 = [1, ω, pθ]. We put f1 = p1p2 = [p, pω, θ] and
f2 = p
2
1 = [p, ω, pθ]. Then fi is the largest RK-ideal contained in Ri
for i = 1, 2. By Lemma 2.2, the p-part of the conductor of Ri equals
f˜i = fiOk. We define subrings Bi of Fp ⊕ Fp ⊕ S by
B1 = Fpe0 + Fpe1 + Fpe3, B2 = Fpe0 + Fp(e1 + e2) + Fpe3,
B3 = Fpe0 + Fpe1 + Fpe2, B4 = Fpe0 + Fpe2 + Fpe3.
Then it is easy to see that the four subrings Bi’s are the index p subrings
of Fp ⊕ Fp ⊕ S with unity. Hence (ϕ ◦ π)−1(Bi)’s are the quartic rings
with index p in OK . They are given by
Q1 = [1, α1, pα2, α3], Q2 = [1, pα1, α1 + α2, α3],
Q3 = [1, α1, α2, pα3], Q4 = [1, pα1, α2, α3].
We now compute the cubic resolvent rings of Qi’s. We put δ11 =
diag[1, p, 1], δ12 = diag[1, p], δ1 = (δ11, δ
−1
12 ) and (A1, B1) = δ1 · (A,B).
Then we have A1(v) = A(v1, pv2, v3) and
B1(v) = b12v1v2 ++pb22v
2
2 + b23v2v3 + p
−1(b11v
2
1 + b13v1v3 + b33v
2
3).
It follows from (6.15) that (A1, B1) is integral. We have Q(A1, B1) = Q1
and F(A1,B1)(u) = p
−1F(A,B)(pu1, u2) = (δ
′
12 · F(A,B))(u), where δ′12 =
diag[p, 1]. By Proposition 2.3, R(A1, B1) = [1, pω, θ] = R1.
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We put δ21 =
 p 0 01 1 0
0 0 1
 and δ2 = (δ21, δ−112 ) and (A2, B2) = δ2 ·
(A,B). Then we have A2(v) = A(pv1 + v2, v1 + v2, v3) and
B2(v) = pb11v
2
1 + (2b11 + b12)v1v2 + b13v1v3
+ p−1
[
(b11 + b12 + b22)v
2
2 + (b13 + b23)v2v3 + b33v
2
3
]
.
It follows from (6.15) that (A2, B2) is integral. We have Q(A2, B2) = Q2
and F(A2,B2)(u) = F(A1,B1)(u), hence R(A2, B2) = R1.
We put δ31 = diag[1, 1, p], δ32 = diag[p, 1], δ3 = (δ31, δ
−1
32 ) and
(A3, B3) = δ3 · (A,B). Then we have B3(v) = B(v1, v2, pv3) and
A3(v) = a13v1v3 + a23v2v3 + pa33v
2
3 + p
−1(a11v
2
1 + a12v1v2 + a22v
2
2).
It follows from (6.15) that (A3, B3) is integral. We have Q(A3, B3) = Q3
and F(A3,B3)(u) = p
−1F(A,B)(u1, pu2) = (δ
′
32 · F(A,B))(u), where δ′32 =
diag[1, p]. By Proposition 2.3, R(A3, B3) = [1, ω, pθ] = R2.
We put δ41 = diag[p, 1, 1], δ4 = (δ41, δ
−1
32 ) and (A4, B4) = δ4 · (A,B).
Then we have B4(v) = B(pv1, v2, v3) and
A4(v) = pa11v
2
1 + a12v1v2 + a13)v1v3 + p
−1(a22v
2
2 + a23v2v3 + a33v
2
3).
It follows from (6.15) that (A4, B4) is integral. We have Q(A4, B4) =
Q4 and F(A4,B4)(u) = F(A3,B3)(u), hence R(A4, B4) = R2. The only
ideals fp such that pOk ⊂ fp and N(fp) = p2 are f˜1 and f˜2 which are
the p-part of the conductors of R1 and R2, respectively. So we have
aK (˜f1) = aK (˜f2) = 2. On the other hand, both of p˜1 and p˜2 split in
k6/k by Table 2. Hence we have 1 + χ(˜fi) = 2 = aK (˜fi) for i = 1, 2.
Case 5. p is of type 212 in K. Let ξ, r and s be as in Case 2
and let S and ε be as in Case 4. We have a ring isomorphism ϕ :
OK/pOK ∼= Fp2 ⊕ S. We put e0 = (1, 1), e1 = (ξ, 0), e2 = (0, 1) and
e3 = (0, ε). Then {ei} is a normalized basis of Fp2⊕S. By Lemma 6.11,
there exists a normalized Z-basis {αi} of OK and a positive integer λ
with p ∤ λ such that ϕ(π(αi)) = ei (i = 0, 1, 2) and ϕ(π(α3)) = λe3.
We take a pair of integral ternary quadratic forms (A,B) such that
Q(A,B) = OK and the multiplication of OK is given by (5.5). Since
e21 = −se0 − re1 + se2, e1e2 = e1e3 = 0, e22 = e2, e2e3 = e3 and e23 = 0,
we have λ1113 ≡ s, λ1213 ≡ r, λ1322 ≡ −1 (mod p), and remaining twelve
λijkℓ’s are congruent to 0 modulo p. Since λ
13
22 ≡ −1 (mod p), we can
take an element γ2 ∈ SL2(Z) such that γ2 ≡
(
b22 −a22
b13 −a13
)
(mod p).
Then we have
b22A(v)− a22B(v) =
∑
i≤j
λij22vivj ≡ −v1v3 (mod p),
b13A(v)− a13B(v) =
∑
i≤j
λij13vivj ≡ sv21 + rv1v2 + v22 (mod p).
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Replacing (A,B) by (13, γ2) · (A,B), we may assume that
(6.17) A(v) ≡ −v1v3 (mod p), B(v) ≡ sv21 + rv1v2+ v22 (mod p).
Then F(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2 satisfies
F(A,B)(u) ≡ u21u2 (mod p).
Then there exist exactly two cubic rings contained in RK with index
p in RK , namely R1 = [1, pω, θ] and R2 = [1, ω, pθ] as in Case 4. The
p-part of the conductor of Ri equals f˜i = fiOk where fi and pi (i = 1, 2)
are as in Case 4. On the other hand, it is easy to see that there exist
exactly two index p subrings of Fp2⊕S with unity, namely B1 = Fp⊕S
and B2 = Fp2 ⊕ Fp. Then (ϕ ◦ π)−1(Bi)’s are the quartic rings with
index p in OK . They are given by
Q1 = [1, pα1, α2, α3], Q2 = [1, α1, α2, pα3].
We put δ11 = diag[p, 1, 1], δ12 = diag[p, 1], δ1 = (δ11, δ
−1
12 ) and (A1, B1) =
δ1 · (A,B). Then we have B1(v) = B(pv1, v2, v3) and
A1(v) = pa11v
2
1 + a12v1v2 + a13v1v3 + p
−1(a22v
2
2 + a23v2v3 + a33v
2
3).
It follows from (6.17) that (A1, B1) is integral. We have Q(A1, B1) = Q1
and F(A1,B1)(u) = p
−1F(A,B)(u1, pu2) = (δ
′
12 · F(A,B))(u), where δ′12 =
diag[1, p]. By Proposition 2.3, R(A1, B1) = [1, ω, pθ] = R2.
We put δ21 = diag[1, 1, p], δ2 = (δ21, δ
−1
12 ) and (A2, B2) = δ2 · (A,B).
Then we have B2(v) = A(v1, v2, pv3) and
A2(v) = p
−1(a11v
2
1 + a12v1v2 + a22v
2
2) + a13v1v3 + a23v2v3 + pa33v
2
3.
It follows from (6.17) that (A2, B2) is integral. We have Q(A2, B2) = Q2
and F(A2,B2)(u) = F(A1,B1)(u), hence R(A2, B2) = R2. The p-part of the
conductor of R2 is f˜2 = p˜
2
1. So we have aK (˜f1) = 0 and aK (˜f2) = 2. On
the other hand, p˜1 remains prime, while p˜2 splits in k6/k by Table 2.
Hence we have
1 + χ(˜f1) = 1 + χ(p˜1)χ(p˜2) = 1 + (−1)1 = 0 = aK (˜f1),
1 + χ(˜f2) = 1 + χ(p˜
2
1) = 1 + 1 = 2 = aK (˜f2).
Case 6. p is of type 113 in K. We put S = Fp[x]/(x
3) and ε =
x mod x3 ∈ S. We have a ring isomorphism ϕ : OK/pOK ∼= Fp ⊕ S.
We put e0 = (1, 1), e1 = (1, 0), e2 = (0, ε) and e3 = (0, ε
2). Then
{ei} is a normalized basis of Fp ⊕ S. By Lemma 6.11, there exists a
normalized Z-basis {αi} of OK and a positive integer λ with p ∤ λ such
that ϕ(π(αi)) = ei (i = 0, 1, 2) and ϕ(π(α3)) = λe3. We take a pair of
integral ternary quadratic forms (A,B) such that Q(A,B) = OK and
the multiplication of OK is given by (5.5). Since e21 = e1, e1e2 = e1e3 =
0, e22 = e3 and e2e3 = e
2
3 = 0, we have λ
12
13 ≡ −1, λ1222 ≡ −λ′ (mod p),
and remaining thirteen λijkℓ’s are congruent to 0 modulo p. Here λ
′ is a
rational integer such that λλ′ ≡ 1 (mod p). Since λ1213 ≡ −1 (mod p),
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we can take an element γ2 ∈ SL2(Z) such that γ2 ≡
(
b12 −a12
−b13 a13
)
(mod p). Then we have
b12A(v)− a12B(v) =
∑
i≤j
λij12vivj ≡ v1v3 + λ′v22 (mod p),
−b13A(v) + a13B(v) =
∑
i≤j
λ13ij vivj ≡ v1v2 (mod p).
Replacing (A,B) by (13, γ2) · (A,B), we may assume that
(6.18) A(v) ≡ v1v3 + λ′v22 (mod p), B(v) ≡ v1v2 (mod p).
Then F(A,B)(u) = au
3
1 + bu
2
1u2 + cu1u
2
2 + du
3
2 satisfies
F(A,B)(u) ≡ −λ′u31 (mod p).
Hence b ≡ c ≡ d ≡ 0 and a ≡ −λ′ (mod p). So we have
(6.19) ω2 ≡ λ′θ, θ2 ≡ 0, ωθ ≡ 0 (mod pRK).
We also have p2 ∤ d as in Case 4. We put p1 = [p, ω, θ]. Then p1 is an
RK-ideal such that p
2
1 = [p, pω, θ] and p
3
1 = pRK . If we put p˜1 = p1Ok,
then pOk = p˜31. There exists exactly one cubic ring contained in RK
with index p in RK , namely R1 = [1, pω, θ]. Then f1 = p
2
1 is the largest
RK-ideal contained in R1. By Lemma 2.2, the p-part of the conductor
of R1 equals f˜1 = p˜
2
1. We define subrings Bi of Fp ⊕ S by
B1 = Fpe0 + Fpe2 + Fpe3, B2 = Fpe0 + Fpe1 + Fpe3.
Then it is easy to see that the two subrings Bi’s are the index p sub-
rings of Fp ⊕ Fp ⊕ S with unity. Hence (ϕ ◦ π)−1(Bi)’s are the quartic
rings with index p in OK . They are given by Q1 = [1, pα1, α2, α3]
and Q2 = [1, α1, pα2, α3]. We put δ11 = diag[p, 1, 1], δ12 = diag[1, p],
δ1 = (δ11, δ
−1
12 ) and (A1, B1) = δ1 · (A,B). Then we have A1(v) =
A(pv1, v2, v3) and
B1(v) = pb11v
2
1 + b12v1v2 + b13v1v3 + p
−1(b22v
2
2 + b23v2v3 + b33v
2
3).
It follows from (6.18) that (A1, B1) is integral. We have Q(A1, B1) =
Q1, F(A1,B1)(u) = p
−1F(A,B)(pu1, u2) and R(A1, B1) = [1, pω, θ] = R1.
We put δ21 = diag[1, p, 1], δ2 = (δ21, δ
−1
12 ) and (A2, B2) = δ2 · (A,B).
Then we have A2(v) = A(v1, pv2, v3) and
B2(v) = pb22v
2
2 + b12v1v2 + b23v2v3 + p
−1(b11v
2
1 + b13v1v3 + b33v
2
3).
It follows from (6.18) that (A2, B2) is integral. We have Q(A2, B2) = Q2
and R(A2, B2) = R1. So have aK (˜f1) = 2 = 1 + χ(p˜1)
2 = 1 + χ(˜f1).
If p is type 13 in K, then there is no index p subrings of OK and
there is no integral ideal of Ok which contains pOk and has norm p2
since p is of type 3 in k.
If p is type 4 in K, then there is no index p subrings of OK . In this
case, Table 1 implies that pOk = p1p2 with N(pi) = pi (i = 1, 2) and
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p1 and p2 remain prime in k6/k. The ideal p2 is the only ideal of Ok
which contains pOk and has norm p2. We have aK(p2) = 0 = 1+χ(p2).
If p is of type 1212, 22 or 14, then p divides N(Disc(k6/k)) = g by
Table 2, hence p ∤ h. This completes the proof of the proposition. 
By Lemma 6.10 and Proposition 6.12, we have
(6.20) aK(h) =
∏
p|h
(1 + χ(fp)).
We use this formula to obtain the number of quartic rings Q contained
in some S4-quartic fields with fixed cubic resolvent ring O. If Disc(k) <
0, then the number of such quartic rings is obviously given by the sum
(6.21)
∑
g|f
∑
K∈Kk(g)
aK(h) =
∑
g|f
∑
K∈Kk(g)
∏
p|h
(1 + χK(fp)).
If Disc(k) > 0, then the number of such quartic rings contained in some
totally real S4-quartic fields is given by the sum (6.21). For any positive
rational integer n, we denote by ω(n) the number of prime divisors of
n. Since χK(fp) = ±1, it follows from (6.20), that aK(h) = 2ω(h) or
0 for any K ∈ Kk(g). Since kerχK = HK , aK(h) = 2ω(h) if and only
if fp ∈ HK for all p|h. We now simplify the sum (6.21). Since O is a
subring of Ok with index f which is square free, there exists a unique
subring Rg of Ok such that O ⊂ Rg and (Ok : Rg) = g for each positive
divisor g of f . Then the conductor of Rg is g =
∏
p|g fp. We write
f = gh and h =
∏
p|h fp. For any positive divisor c of g, we denote
by Yk,c(h) the subgroup of ClRc /Cl
2
Rc generated by the ideal classes of
fp ∩ Rc for all p|h. For any K ∈ Kk(g), HK can be identified with a
subgroup of ClRg /ClRg of index two as we have shown in the proof of
Proposition 6.9. Hence aK(h) = 2
ω(f) if and only if HK ⊃ Yk,g(h). The
number of such subgroups HK equals
(ClRg /Cl
2
Rg : Yk,g(h))− 1 = |Cl(2)Rg |/|Yk,g(h)| − 1.
This also equals the number of S4-quartic fields K such that K ∈
∪c|gKk(c) and aK(h) = 2ω(h), where we put c =
∏
p|c fp for c|g. Then
Mo¨bius inversion formula implies
#{K ∈ Kk(g) | aK(h) = 2ω(h)} =
∑
c|g
µ(g/c)
(
|Cl(2)Rc |/|Yk,c(h)| − 1
)
.
Since
∑
c|g µ(g/c) = 0 if g > 1, we have∑
g|f
∑
K∈Kk(g)
aK(h)(6.22)
=
∑
gh=f
2ω(h)
∑
c|g
µ(g/c)|Cl(2)Rc |/|Yk,c(h)| − 2ω(f).
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If we rewrite the sum on the right hand side by setting g = cd, it is
equal to ∑
c|f
|Cl(2)Rc |
∑
dh=f/c
µ(d)2ω(h)/|Yk,c(h)|.
We put s = ω(h) and write h = p1 · · · ps. For any integral ideal
a of Ok which is relatively prime to c, we denote by [a]c the ideal
class of a ∩ Rc in ClRc . We define the mapping ρ : Fs2 → Yk,c(h) by
ρ(a1, . . . , as) = [fp1]
a1
c · · · [fps]asc Cl2Rc . Then ρ is a surjective group homo-
morphism, hence | ker ρ| = 2ω(h)/|Yk,c(h)|. Moreover ker ρ is identified
with the set Tc,h = {t ∈ N : t|h, [
∏
p|t fp]c ∈ Cl2Rc}. For any positive
divisor t of h, we put δc(t) = 1 if [
∏
p|t fp]c ∈ Cl2Rc , otherwise δc(t) = 0.
Then we have∑
t|h
δc(t) = |Tc,h| = | ker ρ| = 2ω(h)/|Yk,c(h)|.
By Mo¨bius inversion formula, we have∑
dh=f/c
µ(d)2ω(h)/|Yk,c(h)| = δc(f/c).
Hence we can rewrite (6.22) as follows.
(6.23)
∑
g|f
∑
K∈Kk(g)
aK(h) =
∑
c|f
|Cl(2)Rc | δc(f/c)− 2ω(f).
If we rewrite the sum on the right hand side of (6.23) by setting c = g
and f = gh, it is equal to
∑
g|f |Cl(2)Rg | δg(h). By the definition of
δg(h), we have δg(h) = 1 if [h]g ∈ Cl2Rg , otherwise δg(h) = 0. In §4, we
defined the ideal j(O, Rg) which is characterized by the largest Rg-ideal
contained in O. Since j(O, Rg)Ok = h, we have h ∩ Rg = j(O, Rg) by
Lemma 3.1. Hence [h]g is the ideal class of j(O, Rg) in ClRg . Therefore
the subgroup X(O, Rg) defined in §4 is trivial if and only if δg(h) = 1.
Thus the equation δg(h) = 2− |X(O, Rg)| holds for all g|f . We finally
obtain the following formula:
(6.24)
∑
g|f
∑
K∈Kk(g)
aK(h) =
∑
g|f
|Cl(2)Rg |(2− |X(O, Rg)|)− 2ω(f).
If Disc(k) > 0, then the number of quartic rings contained in some
quartic fields with fixed cubic resolvent ring O is given by
(6.25)
∑
g|f
∑
K∈Kk(gf∞)
aK(h) =
∑
g|f
∑
K∈Kk(gf∞)
∏
p|h
(1 + χK(fp)).
By the same argument as above, we obtain the following formula:
(6.26)
∑
g|f
∑
K∈Kk(gf∞)
aK(h) =
∑
g|f
|Cl(2)Rg ,+ |(2− |X+(O, Rg)|)− 2ω(f).
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It remains to count the number of quartic rings contained in the
quartic algebra K = Q ⊕ k with fixed cubic resolvent ring O. Let
{1, ω, θ} be a normalized basis of Ok such that the multiplication of
Ok is given by (2.1). We put Fk(u) = au31 + bu21u2 + cu1u22 + du32. We
put α0 = (1, 1), α1 = (1, 0), α2 = (0,−ω) and α3 = (0,−θ). Then {αi}
is a normalized basis of OK = Z⊕Ok and the multiplication of OK is
given by
α21 = α1, α1α2 = α1α3 = 0, α
2
2 = −ac + acα1 − bα2 + aα3,
α2α3 = −ad+ adα1, α23 = −bd + bdα1 − dα2 + cα3.
We put
A(v) = −v1v3 − av22 − bv2v3, B(v) = −v1v2 + cv2v3 + dv23.
Then we have Q(A,B) = OK , F(A,B)(u) = Fk(u) and R(A,B) = Ok.
For each prime divisor p of f , we denote by aK(fp) the number of
quartic rings Q with index p in OK such that the unique cubic resolvent
ring of Q has conductor fp. By the same argument as in the proof of
Proposition 6.12, we have aK(fp) = 2 for all p|f , hence aK(f) = 2ω(f).
Hence the number of quartic rings contained in Q ⊕ k or in some S4-
quartic fields, which are totally real if Disc(k) > 0, is given by the
sum
(6.27)
∑
g|f
|Cl(2)Rg |(2− |X(O, Rg)|).
If Disc(k) > 0, the number of quartic rings contained in Q ⊕ k or in
some S4-quartic fields is given by the sum
(6.28)
∑
g|f
|Cl(2)Rg ,+ |(2− |X+(O, Rg)|).
We defined the subset L(O) of L in §1. We recall Li(O) = L(O) ∩ Vi
for i = 1, 2, 3. Since k is a non-Galois cubic field, Aut(Q(A,B)) is
trivial for any (A,B) ∈ L(O) whether Q(A,B) is contained in Q ⊕ k
or contained in an S4-quartic field. We write x = (A,B) ∈ L(O) and
µ(x) = 1/|Γ(A,B)|. Then µ(x) = 1/|Aut(Q(A,B))| = 1 by Proposition
5.5. Now it follows from Theorem 5.1, Corollary 5.2, (6.27) and (6.28)
that
∑
x∈Γ\L1(O)
µ(x) =
∑
g|f
|Cl(2)Rg |(2− |X(O, Rg)|),∑
x∈Γ\L1(O)
µ(x) +
∑
x∈Γ\L3(O)
µ(x) =
∑
g|f
|Cl(2)Rg ,+ |(2− |X+(O, Rg)|)
(6.29)
if Disc(k) > 0, and
(6.30)
∑
x∈Γ\L2(O)
µ(x) =
∑
g|f
|Cl(2)Rg |(2− |X(O, Rg)|)
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if Disc(k) < 0. So we finally complete the proof of Theorem 1 for a
non-Galois cubic field k by Corollary 4.8, (6.29) and (6.30).
7. The case G = A4
Let k be a Galois cubic field and O be an order of k such that
the index f = (Ok : O) is square free. In this section, we study the
number of quartic rings whose cubic resolvent rings are isomorphic
to O. We use the same notations as in the previous section. The
argument in G = S4 case also works well in G = A4 case. However we
must be careful because Gal(k/Q) is nontrivial. Let σ be a generator
of Gal(k/Q). We denote by f the conductor of O and denote by fp the
p-part of f for any prime divisor p of f . Since pOk ⊂ fp and N(fp) = p2,
fp is a product of two distinct prime ideals if p is of type 111 in k, or
is a square of a prime ideal if p is of type 13 in k. We say that f is
the first kind if f has a prime divisor p of type 111 in k, otherwise
we say that f is the second kind. If f is the first kind, then σ(f) 6= f
and σ(O) 6= O, hence Aut(O) is trivial. If f is the second kind, then
σ(f) = f and σ(O) = O, hence |Aut(O)| = 3.
For each positive divisor g of f , we put g =
∏
p|g fp and Rg = Z +
g. We denote by Kk(g) the set of isomorphism classes of totally real
A4-quartic fields K such that the unique cubic resolvent ring of the
maximal order OK is isomorphic to Rg = Z+ g.
Let K be an A4-quartic field whose cubic resolvent field is k and
assume that OK contains a quartic ring Q whose cubic resolvent ring
is isomorphic to O. We denote by k6 one of the three conjugate sextic
fields contained in K˜. The maximal order OK has a unique cubic
resolvent ring up to isomorphism. Since Q has a cubic resolvent ring
which is isomorphic to O, we can take a cubic resolvent ring RK of OK
such that O ⊂ RK . We fix RK . Then we have f = gh, g = (Ok : RK),
h = (OK : Q), N(Disc(k6/k)) = g2 and the conductor of RK is g.
Hence RK = Z + g = Rg. By the same argument as in the proof of
Proposition 6.6, we see that g is a conjugate of Disc(k6/k).
Lemma 7.1. Let k, k6, g and g be as above. Then g is odd, hence g
is a square free ideal.
Proof. Suppose g is even. If 2 is of type 3 in k, then 23|g. By
computing double coset decompositions of A4, we see that two prime
ideals dividing 2 ramifies in k6/k if 2 is of type 111, hence 2
2|g. Similarly
we see that g is odd if 2 is of type 13. 
We first assume g > 1. Since g = Disc(k6/k) is a square free ideal
of Ok and has norm g2, the p-part fp of g is a product of two distinct
prime ideals for each prime divisor p of g. Hence σ(g) 6= g, σ(RK) 6= RK
and Aut(RK) is trivial. Since Q has a unique cubic resolvent ring R
which is contained in RK and is isomorphic to O, we have R = σi(O)
for some i. Hence the conductor of R is σi(f). Since R ⊂ RK , The
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conductor g of RK divides σ
i(f). So we have g = σi(g). This implies
i = 0 and R = Z + f = O. By choosing k6 suitably, we may assume
that Disc(k6/k) = g. We denote by aK(h) the number of quartic rings
Q with index h in OK whose cubic resolvent rings are isomorphic to
O. We denote by H = HK the subgroup of Ik(g) corresponding to the
quadratic extension k6/k by class field theory and χ = χK the character
of Ik(g) such that kerχ = H . Then Lemma 6.10 and Proposition 6.12
are still valid in this case, hence we have aK(h) =
∏
p|h(1 + χ(fp)). By
the same argument as in the previous section, we have
(7.1)
∑
K∈Kk(g)
aK(h) = 2
ω(h)
∑
c|g
µ(g/c)|Cl(2)Rc |/|Yk,c(h)|
if g > 1, where Kk(g), ω(h) and Yk,c(h) are the same as before.
We next assume that f is the first kind and g = 1. Then we have
RK = Ok. Let p1 be a prime divisor of g such that p1 is of type 111 in k
and p1Ok = p1σ(p1)σ2(p1) be the prime ideal decomposition. We may
assume fp1 = p1σ(p1). Since Rp1 = Z + fp1, there exist exactly three
index p subrings of Ok, namely σi(Rp1) for i = 0, 1, 2. We denote by
H = HK the subgroup of Ik corresponding to the unramified quadratic
extension k6/k by class field theory and χ = χK the character of Ik
such that kerχ = H . Hence H contains Pk and (Ik : H) = 2. By
the same argument as in the proof of Proposition 6.12, we see that
there exist exactly 1 + χ(σi(fp1)) index p subrings of OK whose cubic
resolvent rings are σi(Rp1). Since
∏2
i=0 σ
i(fp1) = p
2Ok, the number of
i ∈ {0, 1, 2} such that χ(σi(fp1)) = 1 is equal to 3 or 1. We take an i
such that χ(σi(fp1)) = 1. We put bk6(σ
i(f)) =
∏
p|f(1 + χ(σ
i(fp))). By
Lemma 6.10 and Proposition 6.12, the number of quartic rings Q with
index f in OK whose cubic resolvent rings are σi(O) is given by
2
∏
p|f, p 6=p1
(1 + χ(σi(fp))) =
∏
p|f
(1 + χ(σi(fp))) = bk6(σ
i(f)).
Hence bk6(σ
i(f)) = 2ω(f) or 0. If we identify H with a subgroup of
Clk /Cl
2
k with index 2, then bk6(σ
i(f)) = 2ω(f) if and only if H ⊃
Yk,1(σ
i(f)), where Yk,1(f) is the subgroup of Clk /Cl
2
k generated by the
ideal classes of fp for all p|f . We denote by H the set of subgroups H of
Clk /Cl
2
k satisfying (Clk /Cl
2
k : H) = 2 and H ⊃ Yk,1(f). Then we have
|H| = |(Clk /Cl2k)/Yk,1(f)| − 1. For any H ∈ H, σi(H) (i = 0, 1, 2) are
distinct subgroups of Clk /Cl
2
k. To prove this, suppose σ(H) = H . We
take an element c ∈ Clk /Cl2k such that c /∈ H . Then σ(c), σ2(c) /∈ H .
Hence each σi(c)H is a generator of (Clk /Cl
2
k)/H . So
∏2
i=0 σ
i(c)H is
not identity. This contradicts the fact that the norm of an ideal of Ok
is a principal ideal. We now decompose H into two disjoint subsets H0
and H1 by setting
H0 = H ∩ σ(H) ∩ σ2(H), H1 = HrH0.
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We assume H ∈ H0. Then H ⊃ σi(Yk,1(f)) for i = 0, 1, 2. It follows
from the definition of Yk,1(f) that σ
i(Yk,1(f)) = Yk,1(σ
i(f)) . So we have
bk6(σ
i(f)) = 2ω(f) for each i. Hence we have aK(f) = 3·2ω(f). We assume
H ∈ H1. Then it is easy to see thatH ⊃ Yk,1(f), butH 6⊃ σi(Yk,1(f)) for
i = 1, 2. So we have bk6(f) = 2
ω(f) and bk6(σ
i(f)) = 0 for i = 1, 2. Hence
we have aK(f) = 2
ω(f). If H ∈ H0, then the three conjugates subgroups
σi(H) in H0 correspond to one isomorphism class of A4-quartic field
K. If H ∈ H1, then σi(H) /∈ H for i = 1, 2 and only one H in H1
correspond to one isomorphism class of A4-quartic field K. Therefore
we obtain the following formula:
(7.2)
∑
K∈Kk(1)
aK(f) = 2
ω(f)
(
|Cl(2)k |/|Yk,1(f)| − 1
)
.
By (7.1) and (7.2), we have∑
g|f
∑
K∈Kk(g)
aK(h) =
∑
g|f
2ω(h)
∑
c|g
µ(g/c)|Cl(2)Rc |/|Yk,c(h)| − 2ω(f).
This is the same formula as (6.22). Hence we can rewrite this as
(7.3)
∑
g|f
∑
K∈Kk(g)
aK(h) =
∑
g|f
|Cl(2)Rg |(2− |X(O, Rg)|)− 2ω(f)
provided that f is the first kind.
We finally assume that f is the second kind and g = 1. For each
prime divisor p of f , pOk is cube of a prime ideal p and the p-part of
f is fp = p
2. There exist exactly two index p subrings of OK whose
cubic resolvent rings are Rp = Z+ p
2 as we saw in Case 6 of the proof
of Proposition 6.12. Hence aK(f) = 2
ω(f). The number of unramified
totally real quadratic extensions of k is equal to |Clk /Cl2k | − 1 by
class field theory. Three conjugates of such quadratic extensions k6
correspond to one isomorphism class of A4-quartic field K ∈ Kk(1).
Therefore we obtain the following formula:
(7.4)
∑
K∈Kk(1)
aK(f) =
2ω(f)
3
(
|Cl(2)k | − 1
)
.
For any positive divisor g of f with g > 1, g =
∏
p|g fp is square of an
ideal, hence Kk(g) = ∅ by Lemma 7.1. Thus we have
(7.5)
∑
g|f
∑
K∈Kk(g)
aK(h) =
2ω(f)
3
(
|Cl(2)k | − 1
)
provided that f is the second kind.
We denote by Kk(gf∞) the set of isomorphism classes of totally real
or totally imaginary A4-quartic fields K such that the unique cubic
resolvent ring of the maximal order OK is isomorphic to Rg = Z + g.
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By the same argument as above, we obtain the following formula: If f
is the first kind, then we have
(7.6)
∑
g|f
∑
K∈Kk(gf∞)
aK(h) =
∑
g|f
|Cl(2)Rg,+ |(2− |X+(O, Rg)|)− 2ω(f).
If f is the second kind, then we have
(7.7)
∑
g|f
∑
K∈Kk(gf∞)
aK(h) =
2ω(f)
3
(
|Cl(2)k,+ | − 1
)
.
It remains to count the number of quartic rings Q contained in the
quartic algebra K = Q⊕ k whose cubic resolvent rings are isomorphic
to O. By the same calculation as before, we see that aK(f) = 3 · 2ω(f)
if f is the first kind and aK(f) = 2
ω(f) if f is the second kind. Since
Aut(K) is a cyclic group of order three, we have |Aut(Q)| = 1 or 3.
We denote by [Q] the isomorphism class of Q. If we denote by ψ the
correspondence Q 7→ [Q], then the equation |ψ−1([Q])| · |Aut(Q)| = 3
always holds. Hence we have∑
[Q]
1
|Aut(Q)| =
∑
[Q]
1
3
|ψ−1([Q])| = 1
3
∑
Q
1 =
1
3
aK(f).
So we have
(7.8)
∑
[Q]
1
|Aut(Q)| =
{
2ω(f), if f is the first kind,
2ω(f)/3, if f is the second kind.
It is clear that Aut(Q) is trivial for any quartic ring Q contained in
some A4-quartic fields. Now it follows from Theorem 5.1, Corollary
5.2, (7.3), (7.5) and (7.8) that∑
x∈Γ\L1(O)
µ(x)(7.9)
=
{ ∑
g|f |Cl(2)Rg |(2− |X(O, Rg)|), if f is the first kind,
(2ω(f)/3) |Cl(2)k |, if f is the second kind.
Similarly it follows from Theorem 5.1, Corollary 5.2, (7.6), (7.7) and
(7.8) that
∑
x∈Γ\L1(O)
µ(x) +
∑
x∈Γ\L3(O)
µ(x)
(7.10)
=
{ ∑
g|f |Cl(2)Rg,+ |(2− |X+(O, Rg)|), if f is the first kind,
(2ω(f)/3) |Cl(2)k,+ |, if f is the second kind.
On the other hand, |Aut(O)| equals 1 or 3 according as f is the first
kind or the second kind. It follows from Corollary 4.8 and Lemma 4.9
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that
∑
y∈Γ\Lˆ1(O)
µ(y)
(7.11)
=
{ ∑
g|f |Cl(2)Rg,+ | (2− |X+(O, Rg)) , if f is the first kind,
(2ω(f)/3) |Cl(2)k,+ |, if f is the second kind,
∑
y∈Γ\Lˆ1(O)
µ(y) +
∑
y∈Γ\Lˆ3(O)
µ(y)
(7.12)
=
{
4
∑
g|f |Cl(2)Rg | (2− |X(O, Rg)) , if f is the first kind,
4(2ω(f)/3) |Cl(2)k |, if f is the second kind.
Here we used the elementary fact
∑
g|f 1 = 2
ω(f). So we finally complete
the proof of Theorem 1 for a Galois cubic field k by the equations (7.10),
(7.11), (7.9) and (7.12).
8. Proof of Theorem 2
We say that a rational intger n is a fundamental discriminant if n
equals the discriminant of a quadratic field. Let k1 be a quadratic field.
We fix k1 and put k = Q⊕k1. In this section, we consider quartic rings
whose cubic resolvent rings are contained in the cubic algebra k. If Q
is such a quartic ring, then the quartic algebra K = Q ⊗Z Q is one of
the followings: K is a quartic field with G = D4 or C4; K is a direct
sum of two distinct quadratic fields; K = Q⊕Q⊕ k1.
We restrict ourselves to the case such that Disc(Q) = Disc(k1). This
implies that Q = OK , Disc(K) = Disc(k1) and the cubic resolvent
ring of Q is isomorphic to Ok = Z ⊕ Ok1 . We suppose that K is
a quartic field with G = C4. Then k1 is the unique quadratic sub-
field of K. Let χ be the Dirichlet character of order 4 corresponding
to the cyclic quartic field K and denote by fχ > 1 the conductor of
χ. By the discriminant-conductor formula, Disc(K) = f 2χ Disc(k1) 6=
Disc(k1). This is a contradiction. We next suppose that K is a quartic
field with G = D4. Then K is a quadratic extension of a quadratic
field k2. Hence Disc(K) = N(Disc(K/k2)) Disc(k2)
2. This contradicts
Disc(K) = Disc(k1). Therefore K is a direct sum of two distinct qua-
dratic fields or K = Q ⊕ Q ⊕ k1. We denote by Q(k1) the set of the
isomorphism classes of such quartic algebras. If Disc(k1) > 0, then we
also denote by Q+(k1) the set of the isomorphism classes of such totally
real quartic algebras. Since Q = OK , it suffices to count |Q(k1)| and
|Q+(k1)| for our purpose.
IfK = Q⊕Q⊕k1, then OK = Z⊕Z⊕Ok1 , hence Disc(K) = Disc(k1).
If K = k2 ⊕ k3 where k2 and k3 are two distinct quadratic fields, Then
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Disc(k1) = Disc(K) = Disc(k2) Disc(k3). We put di = Disc(ki) for
i = 1, 2, 3. We denote by t the number of prime divisors of d1. We
must count the number of expressions of writing d1 as a product of
two fundamental discriminants d2 and d3. We denote it by m(d1). If
d1 > 0, we denote by m+(d1) the number of expressions of writing d1
as a product of two positive fundamental discriminants.
We use the following theorem of Gauss (cf. [12, Theorem 3.70]).
Theorem 8.1. Let k1, d1 and t be as above. Then |Cl(2)k1,+ | = 2t−1.
Further |Cl(2)k1 | = 2t−2 if d1 > 0 and d1 has a prime divisor p ≡ 3
(mod 4), otherwise |Cl(2)k1 | = 2t−1.
We first assume t = 1. Then d1 is one of the followings: d1 = p, p
is a prime number with p ≡ 1 (mod 4); d1 = −p, p is a prime number
with p ≡ 3 (mod 4); d1 = 8; d1 = −4; d1 = −8. These d1’s can
not be expressed as a product of two fundamental discriminants. So
m(d1) = 0, hence the isomorphism class of Q ⊕ Q ⊕ k1 is the only
element of Q(k1). By Theorem 8.1, we have |Q(k1)| = 1 = |Cl(2)k1,+ |.
We also have |Q+(k1)| = 1 = |Cl(2)k1 | if d1 > 0.
We next assume t ≥ 2. We write d1 = ±2e0p1 · · · prq1 · · · qs where
pi’s and qj ’s are distinct prime numbers such that pi ≡ 1 (mod 4) and
qj ≡ 3 (mod 4). We put q∗j = −qj .
Case 1. e0 = 0. Since d1 ≡ 1 (mod 4), we have d1 = p1 · · · prq∗1 · · · q∗s
and t = r + s. It is clear that d2 =
∏
i p
ai
1
∏
j(q
∗
j )
bj for some ai, bj ∈
{0, 1} with d2 6= 1, d1. Hence m(d1) = 2t − 2. Since k2 ⊕ k3 ∼= k3 ⊕ k2,
we have |Q(k1)| = m(d1)/2 + 1 = 2t−1 = |Cl(2)k1,+ | taking account of
Q⊕ Q ⊕ k1. We assume d1 > 0, so s is even. If s = 0, then obviously
Q+(k1) = Q(k1), hence |Q+(k1)| = 2t−1 = |Cl(2)k1 | by Theorem 8.1. If
s ≥ 2, then d2 =
∏
i p
ai
1
∏
j(q
∗
j )
bj for some ai, bj ∈ {0, 1} with d2 6=
1, d1 and
∑
j bj ≡ 0 (mod 2). Hence m+(d1) = 2t−1 − 2, |Q+(k1)| =
m+(d1)/2 + 1 = 2
t−2 = |Cl(2)k1 | by Theorem 8.1.
Case 2. e0 = 3. Then we have d1 = ±23p1 · · · prq∗1 · · · q∗s and t =
r + s + 1. We may assume that d2 is odd and d3 is even. It is clear
that d2 =
∏
i p
ai
1
∏
j(q
∗
j )
bj for some ai, bj ∈ {0, 1} with d2 6= 1. Hence
we have |Q(k1)| = 2t−1 = |Cl(2)k1,+ |. We assume d1 > 0. If s = 0,
then obviously Q+(k1) = Q(k1), hence |Q+(k1)| = 2t−1 = |Cl(2)k1 | by
Theorem 8.1. If s ≥ 1, then d2 =
∏
i p
ai
1
∏
j(q
∗
j )
bj for some ai, bj ∈ {0, 1}
with d2 6= 1 and
∑
j bj ≡ 0 (mod 2). Hence |Q+(k1)| = 2t−2 = |Cl(2)k1 |
by Theorem 8.1.
Case 3. e0 = 2. Then we must have d1 = (−1)s+122p1 · · · prq1 · · · qs
and t = r + s + 1. We may assume that d2 is odd and d3 is even. It
is clear that d2 =
∏
i p
ai
1
∏
j(q
∗
j )
bj for some ai, bj ∈ {0, 1} with d2 6= 1.
Hence we have |Q(k1)| = 2t−1 = |Cl(2)k1,+ |. We assume d1 > 0, so s is
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odd. Then d2 =
∏
i p
ai
1
∏
j(q
∗
j )
bj for some ai, bj ∈ {0, 1} with d2 6= 1
and
∑
j bj ≡ 0 (mod 2). Hence |Q+(k1)| = 2t−2 = |Cl(2)k1 | by Theorem
8.1.
For any K ∈ Q(k1), it is obvious that Aut(OK) is isomorphic to
(Z/2Z)2. So we obtain the following proposition by Theorem 5.1,
Corollary 5.2:
Proposition 8.2. Let k1 be a quadratic field. We put k = Q⊕ k1 and
Ok = Z⊕Ok1. If Disc(k1) > 0, then we have∑
x∈Γ\L1(Ok)
µ(x) =
1
4
|Cl(2)k1 |,
∑
x∈Γ\L1(Ok)
µ(x) +
∑
x∈Γ\L3(Ok)
µ(x) =
1
4
|Cl(2)k1,+ |.
If Disc(k1) < 0, then we have∑
x∈Γ\L2(Ok)
µ(x) =
1
4
|Cl(2)k1 |.
Let k1, k be as above. We recall that U
+(Ok) and U+(Ok) denote
the group of units of Ok having positive norm and the group of totally
positive units of Ok, respectively. By (4.16), we have
(U+(O0) : U+(O0)2) =
{
4, Disc(k) > 0,
2, Disc(k) < 0,
Since U+(Ok) = 1×U+(Ok1), we have (U+(Ok) : U+(Ok)2) = 2. We re-
call that U2(Ok) denotes the group of units in Ok having order dividing
2. Then we have U+2 (Ok) = U2(Ok)∩U+(Ok). Hence we have U2(Ok) =
{(1, 1), (1,−1), (−1, 1), (−1,−1)} and U+2 (Ok) = {(1, 1), (1,−1)}. Fur-
ther we have |Aut(Ok)| = 2, Cl(2)k = Cl(2)k1 and Cl
(2)
k,+ = Cl
(2)
k1,+
. We
obtain the following formulae by Proposition 4.7: If Disc(k1) > 0, then
we have ∑
y∈Γ\Lˆ1(Ok)
µ(y) =
1
4
|Cl(2)k1,+ |,∑
y∈Γ\Lˆ1(Ok)
µ(y) +
∑
y∈Γ\Lˆ3(Ok)
µ(y) = |Cl(2)k1 |
(8.1)
and if Disc(k) < 0, then we have
(8.2)
∑
y∈Γ\Lˆ2(Ok)
µ(y) =
1
2
|Cl(2)k1 |.
By Proposition 8.3, (8.1) and (8.2), we finally obtain the following
proposition:
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Proposition 8.3. Let k1 be a quadratic field. We put k = Q⊕ k1 and
Ok = Z⊕Ok1. If Disc(k1) > 0, then we have∑
y∈Γ\Lˆ1(Ok)
µ(y) +
∑
y∈Γ\Lˆ3(Ok)
µ(y) = 4
∑
x∈Γ\L1(Ok)
µ(x),
∑
y∈Γ\Lˆ1(Ok)
µ(y) =
∑
x∈Γ\L1(Ok)
µ(x) +
∑
x∈Γ\L3(Ok)
µ(x).
If Disc(k1) < 0, then we have∑
y∈Γ\Lˆ2(Ok)
µ(y) = 2
∑
x∈Γ\L2(Ok)
µ(x).
Let n ∈ Z be a fundamental discriminant. Theorem 2 now follows
from Proposition 8.3 and Theorem 1 applied to the non-Galois cubic
fields k having discriminant n and O = Ok.
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